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Abstract As Paul Meehl remarks, “Any working scientist” is more impressed with
2 replications in each of 6 highly dissimilar experimental contexts than he is with
12 replications of the same experiment”; this intuition has been formalised in for-
mal epistemology as the Variety of Evidence Thesis (VET); that is, the fact that
ceteris paribus, heterogeneous evidence coming from independent sources is more
confirmatory than less varied evidence. The thesis is known to fail for random
evidence and for deterministically biased evidence ([Bovens and Hartmann(2003),
Claveau(2013)]). However, Bovens and Hartmann’s results concerning the failure of
the VET mainly rely on the unreliable instrument being a randomiser, and of a very
specific kind. When the rate of positive reports delivered by the instrument (no mater
what the truth is) is 0.5, the instrument is a proper randomiser. However, as soon as
such probability is higher than 0.5 the instrument tends to be a “yes-man”, whereas it
is a “naysayer” if this probability drops below 0.5. In the former case, consistency of
positive reports from the same instrument speaks in favour of it being a randomiser
(and therefore weakens their confirmatory strength), whereas the opposite holds for
the latter case, and that’s the reason for VET failure in the latter situation. Further-
more, Bovens and Hartmann’s results run against the “too-good-to-be-true” intuition;
i.e., the suspicion of bias arising from conspicuously long series of consisting reports
from the same testing instrument. This happens because having divided the hypothe-
sis space for the truth-tracking properties of the instrument in either perfectly reliable,
or randomiser, a series of consistent reports become less and less likely under the hy-
pothesis of a randomising instrument, and, consequently, more and more likely under
the complementary hypothesis.

In order to account for the “too-good-to-be-true” intuition, and for the related
suspicion of systematic bias, we developed a model where the instrument may ei-
ther be reliable but affected by random error, or unreliable and systematically biased
towards delivering positive reports (but non-deterministically so). In our model the
VET fails as well, but the area of failure is considerably smaller and affects borderline
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cases where the ratio of false to true positive reports for the two instruments become
favourable for the biased one. In our case, VET failure simply follows from the fact
that receiving two positive reports from the same instrument increases the probability
that this is the positively biased one; and once you are there, then, if the the assumed
ratio of false to true positive reports is more favourable for the biased instrument, re-
ceiving the two reports is more confirmatory if they come from the same instrument.
Otherwise, in case the ratio of false to true positive reports is unfavourable for the
biased instrument with respect to the other one, then the two reports are more confir-
matory if they come from independent instruments, and therefore the VET holds in
this case. We also identified the settings where the role of the strength of the tested
consequences of the hypothesis matters for VET holding/failing and discovered why.
Finally, we explain the apparently counterintuitive result in Bovens and Hartmann
model, according to which the area of the VET failure grows for increasing reports
and discover converging results between our and their model.

Include keywords, PACS and mathematical subject classification numbers as
needed.

1 Introduction

Recent investigations of the Variety of Evidence Thesis (VET) have discov-
ered a trade-off between the epistemic gain contributed by varied evidence and
that of replication as a function of the reliability of the testing instruments
([Bovens and Hartmann(2003),Claveau(2013)]). For example, consistent measure-
ments from different instruments provide confirmation for the hypothesis that a sub-
stance has the temperature indicated by these measurements on the one hand; on
the other hand, independent consistent measurements from the same instrument pro-
vide confirmation that the instrument itself is reliable which in turn boosts hypothesis
confirmation. Hence, there is a confirmatory trade-off between diverse evidence and
replication.

Unfortunately, neither model in [Bovens and Hartmann(2003),Claveau(2013)]
captures the two main types of errors affecting unreliability of scientific in-
struments: random error and systematic error. An unreliable instrument in
[Bovens and Hartmann(2003)] is a “complete randomiser”, the signal is totally un-
related to the state of the world that the instrument is supposed to detect and
is just bogus information.1 Also, systematic error is not part of their model. In
[Claveau(2013)], random error is not part of the model while bias is deterministic:
a biased instrument always gives the result determined by its bias with probability
1. We hence develop a model which aims to capture both: random error and non-
deterministic biases of scientific instruments.

The present paper has two aims: a) contribute to the debate on the Variety of
Evidence Thesis by testing whether the previously obtained results also obtain in a

1 “It is as if they do not even look at the state of the world to determine whether the hypothesis is true,
but rather flip a coin or cast a die, to determine whether they will provide a report to the effect that the
hypothesis is true. The randomization parameter a indicates the chance that they provide a report to the
effect that the hypothesis is true.” [Bovens and Hartmann(2003), p. 57].
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different model of scientific inference2 that incorporates both random and system-
atic error to the picture; b) investigate the epistemic dynamics that develop in such
settings.

With respect to these two aims we obtained the following results:

i we verified that the VET fails also for models where the reliability of instruments
is not perfect (that is, instruments affected by a certain amount of random error)
and bias is not deterministic. VET failure in our and the preceding attempts to
model scientific inference through Bayesian network shows that the VET is frag-
ile in these contexts when reliability is modelled endogenously.3 However, in our
model the area of VET failure decreases significantly and is robust to increasing
amount of consistent reports;

ii we discovered that the ratio of false positives over true positives plays a key role.
We spelled out theoretical grounds and implications of this ratio;

iii we identified the settings where the role of the strength of the tested consequences
of the hypothesis matter and discovered why;

iv we found VET failure in our model to be robust with respect to the number of
positive consistent reports obtained, in contrast to Bovens and Hartmann’s model.

v we found and discussed converging results between ours and Bovens and Hart-
mann’s models.

The rest of the paper is organised as follows: In Section 2, we present the Variety
of Evidence Thesis and focus on what we call the “levels approach” to the VET. In
the remainder of Section 2, we present and analyse Bovens and Hartmann’s work
on Bayesian epistemology ([Bovens and Hartmann(2003)]): in particular, we present
their investigation of the interaction between independence of evidence and reliabil-
ity of the testing instruments in hypothesis confirmation. We then go on to present
our model and compare it to Bovens and Hartmann’s results (Section 3). Section 4
concludes the paper and gives hints for further research.

2 Variety of Evidence Thesis

As Paul Meehl remarks [Meehl(1990), p. 111]: “Any working scientist is more im-
pressed with 2 replications in each of 6 highly dissimilar experimental contexts than
he is with 12 replications of the same experiment’. Philosophers have cashed out this
idea in terms of varied evidence providing more support to a hypothesis, than repli-
cations of the same experiment do. For example, [Hempel(1966), p. 34] states that
”the confirmation of a hypothesis depends not only on the quantity of the favorable
evidence available, but also on its variety: the greater the variety, the stronger the re-
sulting support”. [Horwich(1982), p. 77] notes that: ”It is an undeniable element of

2 The term ‘model of scientific inference’ has been established in [Claveau and Grenier(2018),
Landes et al(2018)Landes, Osimani, and Poellinger] and shall be used here.

3 This means that a reliability variable is used in the model. When no reliabililty variable is employed
and reliability is subsumed in the Bayesian prior probability function, one speaks of exogenous modeling.
However, even if reliability is modeled exogenously, the VET fails to hold in some cases as shown in
[Landes(2018)].
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scientific methodology that theories are better confirmed by a broad variety of differ-
ent sorts of evidence than by a narrow and repetitive set of data”; in the same passage
quoted above, [Meehl(1990), p. 113] goes on to “postulate a stochastic connection
between the degree of evidentiary support, the number, variety, and stringency of em-
pirical tests that the theory has passed or failed, and its verisimilitude, its closeness
to objective reality”. 4

This commonsensical intuition has been formally given justice in Bayesian epis-
temology by [Fitelson(2001)], who shows that “two pieces of independent confir-
matory evidence will always provide stronger confirmation than either one of them
provided individually” [Fitelson(2001), p. 131]. Earman ([Earman(1992), p. 77-79])
(see also [Franklin and Howson(1984)]) shows that the increment in confirmation to
the tested hypotheses decreases marginally as more and more pieces of confirmatory
evidence accumulate, from submitting the hypothesis to the same identical test over
and over again. However, rather than proving the variety of evidence thesis directly,
this kind of proof rather does it indirectly, by showing that an increasing amount of
“unvaried evidence” has a diminishing marginal value.

These considerations apparently run against the other common in-
tuition in the sciences, that is, that replications are required to as-
sess the reliability of the measurements on the basis of which our
inferences are made (see also the so called “reproducibility crisis”:
[Munafò et al(2017)Munafò, Nosek, Bishop, Button, Chambers, du Sert, Simonsohn, Wagenmakers, Ware, and Ioannidis,
Marsman et al(2017)Marsman, Schönbrodt, Morey, Yao, Gelman, and Wagenmakers,
Romero(2016),Gelman(2015),Etz and Vandekerckhove(2016),
Stanley and Spence(2014)]) . This intuition stems from the awareness that mea-
surements can be affected by random error, and hence deliver false positives and
negatives. These are due to contingent influences, which average out from measure-
ment to measurement. Instead systematic error biases the instrument in one direction
or the other consistently, and therefore measurement errors do not average out, but
rather replicate and deceptively inflate accuracy in repeated measurements – unless
they are detected and corrected.5

In the following, we consider both kinds of error and model a scientific setting
where scientists should decide whether to repeat an experiment testing the same ob-
servable consequence of the hypothesis (replication) or to look for “varied evidence”,
that is, testing another consequence, or, at least, testing the same consequence, but
with a different instrument (robustness analysis). We therefore adopt what we call a
“levels approach to the VET”, that is, one that accounts for different levels of variety
(different instruments, different testable consequences of the same hypothesis) and
the interactions across such levels.

4 Implicit is also the idea that the varied evidence “converges” towards the same hypothesis in the
hypotheses space. Therefore, the variety of evidence thesis can be fruitfully connected to the debate on the
truth-conduciveness of coherence (a paradigmatic illustration for this connection is McGrew’s distinction
between theoretical and evidential consilience [McGrew(2003)]).

5 This consideration dovetails with recent simulation studies showing the impact of bias on cumulative
data analysis in terms of increased speed of convergence and “artificial accuracy” ([Romero(2016)], see
also:[Stanley and Spence(2014)]).
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2.1 The Levels Approach

The notion of evidential variety is not only related to independent testable conse-
quences of theoretical hypotheses, but also akin to that of robustness [Wimsatt(1981),
Wimsatt(2012)], “independent determinations” (e.g., [Weber(2005), 281-287]), and
“triangulation” [Heesen et al(2017)Heesen, Bright, and Zucker]. This idea of variety
pertains to possible diverse routes through which evidence for the same consequence
of a hypothesis may be obtained, and adds a further level of variety: not only va-
riety of conceivable consequences of the hypothesis to be tested, but also variety
of instruments put into place to detect them. This intuition has been expounded
in [Bovens and Hartmann(2002),Bovens and Hartmann(2003)], where variety relates
both to the diverse possible observable consequences of the hypothesis at hand, and at
a “lower level” to the different experiments that may be conducted to test each of such
consequences. At this lower level, variety means that different experiments are con-
ducted with different independent instruments (see [Bovens and Hartmann(2003), p.
105]). By also adding dependence of observations and a reliability parameter to the
picture, Bovens and Hartmann obtain apparently surprising results. Depending on
the prior probability of the reliability of the measuring instruments, and other pa-
rameters related to the measuring device, sometimes obtaining more varied evidence
(e.g., coming from various measuring instruments or testing diverse consequences) is
less confirmatory than obtaining evidence which is less varied (e.g., coming from the
same instrument).

Indeed, Bovens and Hartmann’s results concerning the failure of the variety of
evidence thesis, mainly rely on the unreliable instrument being so in a very specific
way: when its probability of delivering positive reports (no matter what the truth is)
is higher than 0.5 the instrument tends to be a “yes-man”, whereas it is a “nay-sayer”
if this probability drops below 0.5. In the former case, consistency of positive reports
from the same instrument speaks in favour of it being a randomiser (and therefore
weakens the confirmatory strength of the reports), whereas the opposite holds for the
latter case, and that’s the reason for VET failure in the latter situation. We present
a model where the VET fails as well, but the area of failure is considerably smaller
and depends on the ratio of false to true positives of the biased instrument vs. the
one affected by random error only. In our model, the area of VET failure decreases
considerably and is independent of the prior belief in the instrument being biased.

In our case, VET failure depends only on the ratio of false to true positives in
the two kinds of instrument: receiving two positive reports from the same instrument
is more confirmatory if the ratio of false to true positives is higher for the biased
instrument, then from the other one. This simply follows from the fact that, receiving
two positive reports from the same instrument makes it more likely that it is the
positively biased one. Once you are there, then if the assumed ratio of false to true
positive rates is more favourable for the positively biased instrument, than receiving
the two positive reports is more confirmatory if they come from the same instrument.
Otherwise, in case the ratio of false to true positive rates is unfavourable for the biased
instrument with respect to the other one, then the two reports are more confirmatory
if they come from independent instruments.
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2.1.1 Bovens and Hartmann’s Model

The Bayesian network model of Bovens & Hartmann, presented in
[Bovens and Hartmann(2003)], (see [Darwiche(2009),Neapolitan(2003)] for
introductions to Bayesian networks) consists of the hypothesis, (some of) its
observable consequences, reports on whether these consequences were born out in
experiments, and the reliability of instruments used in these experiments. The graph
structure of the Bayesian network represents conditional independencies between
the variables. Conditional probabilities attach to every variable which specify the
probability of a variable given its parents.

The following binary propositional variables are used: A variable HY P where
the intended meaning for Hyp is that “the hypothesis is true”, similarly for variables
Coni (“consequence i holds”),Repi (“consequence i is reported”)6 andReli (“report
i is reliable”), cf. [Bovens and Hartmann(2003), p. 89]. According to the Bayesian
paradigm, a prior probability function P , defined over the algebra generated by these
variables, is selected. Naturally, P is constrained to respect the conditional indepen-
dencies encoded by the graph G. Updating the prior P , by conditionalising, then
allows Bovens & Hartmann to calculate posterior probabilities given experimental
results.

The set of meaningful conditional probabilistic independencies in the prior P can
be read off by means of the graphical d-separation criterion [Pearl(2000)]. The graph
G in Figure 1 depicts the situation for one single consequence. More general cases
are depicted in Figure 2. These conditional independencies – denoted by ⊥⊥ – are

HY P⊥⊥RELi for all i (1)
CONi⊥⊥RELi |HY P for all i (2)
REPi⊥⊥HY P |RELi, CONi for all i (3)

{CONi, RELiREPi}⊥⊥
⋃
k 6=i

{CONk, RELk, REPk} |HY P . (4)

The choice of prior is further constrained by

P (Coni |Hyp) = pi > qi = P (Coni | ¬Hyp) (5)

P (Repi |Coni, Reli) = P (Repi |Coni, Reli) = ai (6)
P (Repi |Coni, Reli) = 1 (7)

P (Repi |Coni, Reli) = 0 . (8)

Bovens & Hartmann take (5) to be their definition of what it means to be an observ-
able consequence of a given hypothesis, see [Bovens and Hartmann(2003), p. 90].7

(6) refers to the convention that when an instrument is unreliable, then the probability
of receiving a report does not depend on whether the consequence holds. When the

6 ¬Repi means that “not consequence i” is reported, rather than “consequence i” is not reported, i.e.
the situation is one of negative evidence rather than of absence of evidence

7 Using terminology of Bayesian statistics: The better an indicator is, the smaller the error probabilities
q = P (c|h̄), 1− p = P (c̄|h).
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HYP P (Hyp) = h

CON
P (Con |Hyp) = p
P (Con | ¬Hyp) = q

RELP (Rel) = ρ

REP

P (Rep |Con,Rel) = 1
P (Rep |Con,Rel) = 0
P (Rep |Con,Rel) = a
P (Rep |Con,Rel) = a

Fig. 1: Hypothesis testing in the Bayesian framework of Bovens & Hartmann for one
single testable consequence. All necessary parameters of the prior probability are
displayed in terms of lower-case letters.

instrument is fully reliable, then the probability of receiving a report that the conse-
quence has been observed equals one, if the consequence holds; see (7). Vice versa, a
fully reliable instrument produces a positive report with probability zero, if the conse-
quence does not hold, see (8). They then determine the (posterior) probability of the
hypothesis being true, given a report and its reliability [Bovens and Hartmann(2003),
p. 92, Equation 4.5]. This probability can be computed directly from the conditional
probabilities specified at the nodes in the Bayesian network.

2.1.2 Bovens and Hartmann’s Analysis of the Variety of Evidence Thesis

On the basis of this model, they go on to analyse three pairs of competing strategies,
and compare the confirmatory value of one against the other, under various ceteris
paribus conditions.

One Consequence Two Consequences
One Instrument and one measurement A /
One Instrument and two measurements B C
Two instruments and two measurements D E

Table 1: The table identifies five possible experimental strategies as a function of how
many consequences are tested, how many times, with how many instruments.
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– B vs. D. The first pair compares a situation where the scientist may collect two
measurements concerning the same testable consequence of the hypothesis, from
the same instrument (Strategy B) vs. the situation where the two measurements
come from different instruments (D).

– A vs. C. The second pair regards the situation where the scientist tests one con-
sequence only once (A) vs. testing two consequences with the same instrument
(C).

– C vs. E. The third pair compares a situation where the scientist tests two conse-
quences with the same instrument (C) with one where each consequence is tested
by an independent instrument (E).

In each case the generated reports are all positive. Table 1 and Figure 2 show the five
possible strategies.

According to Bovens and Hartmann’s conceptualisation of varied evidence, in
each of the above scenarios, the second body of evidence is more varied than the first
body of evidence. This is because dependence of the observations, that is, testing the
consequence of the hypothesis with the same instrument, is a way to decrease variety.
If (lack of) variety is intended in this way, then the Variety of Evidence Thesis entails
that, ceteris paribus, the posterior probability of the hypothesis of interest is larger
under the second condition than under the first one.8

Denoting by E the available evidence and by P the probability function for the
less varied body of evidence and P1 for the more varied body of evidence, the VET
can be stated as the requirement that

P (Hyp|E) < P1(Hyp|E) . (9)

However, in all scenarios we get prima facie counterintuitive results for which the
VET fails, under specific combinations of parameter values. These parameters relate
to:

– the prior probability ρ that the instrument(s) is reliable or not;9

– the probability a that a positive result is delivered, whether the consequence holds
or not, when the instrument is not reliable;

– the strength of the consequence as an indicator of the truth of the hypothesis
– which increases with increasing p (the probability of the consequence being
observed, given that the hypothesis is true; “true positive rate”) and increases
with decreasing q (the probability of the consequence being observed, given that
the hypothesis is false; “false positive rate”).10

8 We are not much interested in whether the comparison of posterior probabilities should be strict or
not. We will say that the VET holds, if the second posterior is strictly larger than the first and say that the
VET fails, if the first probability is greater or equal than the second probability. We think that this more
adequately captures scientists’ intuitions concerning the confirmatory support of varied evidence.

9 please note that REL is a binary variable, hence ρ is not the degree of reliability of the information
source, but rather the probability that it is reliable, and ρ̄ the probability that it is not reliable.

10 In particular, for each comparison, the relevant combinations of values for the various parameters are
as follows: In the B vs. D comparison, the relevant parameters are ρ and a: the VET fails in the parameter
space where the following inequality holds: ρa < 1/2. In the A vs. C comparison, also the value of the
true positive rate and false positive rate are relevant, and the VET fails in the parameter space where:
pqρ + aρ(p + q − a) < 0 In the C vs. E comparison, the VET fails in the parameter space where:
(2a− p− q)a < 2(a− p)(a− q)ρ.
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HYP

CON

REP1 REP2

REL1 REL2

HYP

CON

REP1 REP2

REL

HYP

CON1 CON2

REP1 REP2

REL

HYP

CON

REP

REL

HYP

CON1 CON2

REP1

REP2

REL

HYP

CON1 CON2

REP1 REP2

REL1 REL2

Strategy B Strategy D

Strategy A Strategy C

Strategy C Strategy E

Fig. 2: The three scenarios described in Bovens and Hartmann
[Bovens and Hartmann(2003)]: each row represents a scenario comparing two
parallel strategies: B vs. D in the upper row, A vs. C in the middle, and C vs. E in the
lowest row. In Bovens and Hartmann N is equal to two.
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Bovens and Hartmann provide explanatory rationales for the mathematical results
of each scenario [Bovens and Hartmann(2003), pp. 94-107].

1. In the first scenario we perceive a tension between the fact that we consider inde-
pendence of evidence as a good thing, and the fact that if we receive concurring re-
ports from a single instrument, we feel more confident that it is not a randomiser.
As the graph illustrates, (see top left of Figure 6) this tension is reflected in the
a− ρ trade-off: for high values of ρ (the probability of the instrument being reli-
able), there is not much gain in confidence in using it again, and one may enjoy
the benefits of independent tests. For low values of a the opposite holds: we are
working with an instrument which, if unreliable, has a low chance of providing
positive reports. In this case, concurring positive reports constitute a substantial
gain in our confidence in its reliability (which in turn, boosts hypothesis confir-
mation).

2. In the second scenario, for certain values of a, ρ, p, q, we test a consequence of the
hypothesis, receive a positive report, and the posterior probability of the hypothe-
sis increases. Then we test another consequence with the same instrument, receive
once again a positive report, and our confidence in the hypothesis decreases.
In Figure 3 and Figure 4, we reproduce Bovens and Hartmann’s results for the
second scenario. Here areas where the VET fails tend to be larger where (i) ρ
is low; a is high, and p is low. This means that receiving two positive reports
about a consequence from the same instrument tends to increase the belief that
the instrument is a randomiser when a is high (that is, the instrument is liable to
deliver positive reports no matter what); this is especially so if p is low, that is, the
consequence is only loosely correlated to the hypothesis, and ρ is low, that is, the
belief in the instrument being reliable is low (and therefore the belief in it being
a randomiser is high).
In Figure 3, the VET fails in the p − q-plane with a fixed at 0.5 for the points
underneath the curves ρ = 0.1 (blue curve), ρ = 0.5 (green curve) and ρ =
0.9 (red curve). By the assumption that testable consequence of the hypothesis
are positively correlated with the hypothesis we have p > q. Hence, only the
area below the equality line is relevant for our considerations (cian). For a large
number of positive reports, the VET fails if and only if p+ q < 0.5 (purple).
In Figure 4, the VET fails in the p − q-plane with ρ fixed at 0.5 for the points
underneath the curves a = 0.1 (blue curve), a = 0.5 (green curve) and a = 0.9
(red curve). Attention is again restricted to the are below the p = q line (cyan).
In this second scenario the evidence topology (more vs. less varied) interacts both
with ρ and a as well as with the “strength” of the indicator. A strong indicator is
a consequence-variable with high p and low q: this means that the consequence is
strongly correlated with the hypothesis of interest and has also high discrimina-
tory power for such hypothesis with respect to its alternatives. 11

3. In the same line of reasoning, in the third scenario, the effect of two concurrent
positive reports from a single instrument, rather than from two instruments, car-

11 In loose analogy with high “sensitivity” and “specificity”, respectively, for classical hypothesis testing
in statistics.
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ries more confirmatory weight when both a and ρ are low (Figure 5). And for
relatively higher value of q, this effect is enhanced.

Fig. 3: Figure 4.8 from [Bovens and Hartmann(2003), p. 100], Scenario 2. The
VET fails in the p− q-plane for a = 0.5 for the points underneath the curves ρ = 0.1
(blue), ρ = 0.5 (green) and ρ = 0.9 (red). p > q is also assumed in the Bovens and
Hartmann model (cyan). In the limit, the VET fails if and only if p+q < 0.5 (purple).
We again notice that the area of VET failure grows.

One should note however that the general epistemic dynamics underpinning
Bovens and Hartmann’s results hinge on the fact that the unreliable instrument is
modelled as a complete randomiser, and of a particular kind. As a matter of fact,
whenever a = 0.5, the instrument is a proper randomiser, delivering a positive report
with a 50/50 chance. However, whenever a > 0.5, then we are dealing with a ”yes-
man”, whereas when a < 0.5 we are having to do with a ”naysayer”. Hence, when
a > 0.5, consistency of positive reports from the same instrument tends to favour
the belief that this is indeed a randomiser, whereas they tend to increase the opposite
belief when a < 0.5, because you think it to be unlikely that a naysayer delivers two
positive reports. This would in turn increase the belief that the instrument is indeed
reliable, and therefore the two positive reports are more confirmatory if they come
from the same instrument when a < 0.5.

Indeed the true and false positive rates for the consequence with respect to the
hypothesis (p and q respectively) matter in the third scenario only when a approaches
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Fig. 4: Figure 4.9 from [Bovens and Hartmann(2003), p. 101] on top, Scenario 2.
The VET fails in the p − q-plane for ρ = 0.5 for the points underneath the curves
a = 0.1 (blue), a = 0.5 (green) and a = 0.9 (red). p > q is also assumed in the
Bovens and Hartmann model (cyan). The bottom graphs display the area of VET
failure for a = 0.1 and a = 0.9, respectively, for 50 items of confirming evidence.
We again notice that the area of VET failure grows.

0.5, that is, when the instrument is a proper randomiser. In this case, the VET fails
when p and q are both high, because you would expect a truth-tracking instrument to
deliver positive reports most of the times (given that the consequence tends to hold re-
gardless of whether the hypothesis does). Hence, two positive reports from the same
instrument make it more likely that it is not a randomiser, but rather truth tracking.
Since, anyway p > q, the two positive reports bear a positive relevance to the con-
firmation of the hypothesis. The two things together provide a stronger confirmatory
support than if the two reports would have come from two distinct instruments.
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Fig. 5: Left: Figure 4.10 from [Bovens and Hartmann(2003), p. 102], Scenario 3.
The VET fails in the ρ − a-plane underneath the curve for p = 0.9 and q = 0.1.
Right: Increasing the number of items of evidence to 50 while keeping p = 0.9
and q = 0.1 we can see that the area of VET failure increases. Interestingly, some
parameter combinations of (ρ, a) where the VET fails for two reports do satisfy the
VET for larger number of items of evidence.

In fact, since the area of interest is the one where p > q, the VET failure can be
said to be driven in these cases by high values of q.

2.1.3 The Variety of Evidence Thesis and Multiple Reports

One might believe that failure of the VET holds only for scenarios comparing one
item of evidence vs. two, or two items of evidence delivered by one vs. two instru-
ments, and that a growing body of evidence might attenuate the phenomenon. We
hence set out to investigate this, a priori, not implausible hypothesis.

To our own surprise, we discovered that in the Bovens and Hartmann model the
areas of VET failure grow in all three scenarios for larger bodies of evidence. See
Figures 3–11 for plots, Appendix A.1 for explanations and see Appendix A.2 for the
formal analysis.

In Figure 4 (Scenario 2), the area relevant for our analysis is below the p = q line
(cyan). The bottom graphs display the area of VET failure for 50 items of confirming
evidence, for a = 0.1 and a = 0.9 respectively. We notice that the area of VET
failure grows with an increasing number of items of incoming evidence. Matters are
more complicated in Scenario 3, a snapshot is provided in Figure 5.

2.2 Claveau’s Results

In Bovens and Hartmann’s approach, all results depend on the reliability variable
being strongly constrained as a binary variable (with two values: reliable and unre-
liable), and by delivering perfect information when it is reliable, and fully random
information when unreliable. According to Claveau, this disregards the possibility of
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Fig. 6: Scenario 1 from [Bovens and Hartmann(2003), p. 97] for 2 positive re-
ports (top left), 4 (top right), 10 (bottom left) and ∞ (bottom right). The VET
fails in ρ−a-plane in the area under the curves. The plot on the lower right: for every
point underneath the curve in the ρ − a-plane there exists a number N such that the
VET fails for more than N items of evidence.

the instrument being systematically unreliable (biased).12 This sort of unreliability
roots not in randomness of reports, but rather in the instrument measuring something
different than what it is intended to measure. Claveau makes the example of cases
where a correlation between two variables is taken to be causal because a confound-
ing factor creates a spurious correlation between them, and such correlation is sys-
tematically observed in repeated observations, unless one removes the confounder.
These examples of unreliability regard issues of causal structure underpinning the
statistical data. Other obvious cases of systematic error are biases in the experimental
setting due to experimenters’ (strategic) interference in the measurement process.

In particular, Claveau identifies two specific weaknesses in Bovens and Hart-
mann’s argument: 1. reliability is modeled in such a way, that fully dependent
sources may still deliver different, independent, reports if they are unreliable

12 As also Claveau acknowledges, Bovens and Hartmann are aware of this limitation, see
[Bovens and Hartmann(2003), Foonote 4, pp. 95-96]: “Our model does not apply to unreliable instru-
ments that do not randomize, but rather provide accurate measurements of other features than the features
they are supposed to measure. In effect, our model exploits the coherence of the reports as an indicator
that the reports are obtained from reliable rather than unreliable instruments. But if unreliable instruments
accurately measure features other than the ones they are supposed to measure, then they will also provide
coherent reports and so the coherence of the report is no longer an indicator that they were obtained from
reliable instruments.”
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(P (Rep|Hyp,Rel) = P (Rep | Hyp,Rel) = a); 2. They prove failure of the VET
only for models where sources are either fully dependent or fully independent. Hence,
Claveau goes on to propose a model where dependence comes in degrees, and where
reliability becomes a ternary variable with values: fully reliable, positively biased,
and negatively biased (no place is left for a randomising source). He then adopts a
special measure of degree of independence δ and restates the VET as the requirement
that the derivative of the posterior probability of the hypothesis over the interval from
0 to 1 of δ be non-negative:

Variety-of-evidence thesis. Ceteris paribus, ∂P
∗
F (h)
∂δ > 0 for all admissible

values of ρ, α and δ. [Claveau(2013), p. 109]

The posterior probability of the hypothesis increases as we marginally increase the
degree of independence of the evidential sources. By using this formalisation of the
VET, and, in particular, δ as a measure of the degree of dependence of observations,
Claveau shows that the parameter space where VET fails is smaller than in Bovens
and Hartmann’s analogous case ([Claveau(2013), Footnote 10, p. 109-110]).1314

The distinctive feature of Claveau’s vs. Bovens and Hartmann’s framework is that
the former models unreliability as systematic error only, whereas the latter models
it exclusively in the form of a randomising instrument. Hence, each of them only
acknowledges one type of error source in their model. Furthermore, neither of them
incorporates a notion of random error (Bovens and Hartmann’s randomisers only
yield bogus reports which do not affect the posterior probability of the hypothesis).

Hence, we propose a third model where reliable instruments are affected by ran-
dom error (and therefore deliver imperfect information), and unreliable instruments
are biased.15

3 Our Model

Our model shares the variables and the network topology of Bovens and Hartmann’s
model. To formalise random and non-random error, we give up the deterministic rela-
tionships between (un-reliable) sources, state of the world and reports. We also drop
the possibility that an instrument is a complete randomiser. In our model the instru-
ment is:

1. either reliable, but always associated with a certain amount of random error ε.
2. or it is positively biased (results can be applied to negative bias mutatis mutan-

dis), where the biased source is not monotone, i.e., the probability of receiving a
positive report from a positively biased instrument is strictly less than one.

13 Claveau’s model is here not extended to multiple reports since our model is much closer to the Bovens
and Hartmann approach and since it is not clear how to extend his notion of dependence to the multiple
report case. Our mention of Claveau’s model intends to acknowledge his incorporation of biased sources
in a formal model of hypothesis confirmation.

14 The model is extended to consequences which are also dependent to a degree in
[Claveau and Grenier(2018)].

15 In the following it will be only positively biased; exploration of different combinations will have to
wait for future studies.
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3.1 Model Parameters

Our model differs in the following from its predecessors:

– Reliable instruments are not fully reliable, and may deliver false positives (or
false negatives), although with very low probability ε. Hence, reliable instru-
ments are only imperfectly so. To ease the exposition, we assume that errors of
the first and second kind are equally likely, P (Rep|Con,Rel) = ε+ = ε− =
P (Rep|Con,Rel) =: ε.16

– Unreliable instruments are positively biased (Rel = PB) with probability γ of
receiving a positive report, when the consequence does not hold (false positive),
and probability α of receiving a positive report, when the consequence does hold
(true positive).17 Positively biased sources deliver true positive results at higher
rate (α) than 1− ε (which is the true positive rate for reliable sources), and false
positive results also at a higher rate (γ) than a reliable source does (ε). 18

The novel parameters are hence α, γ and ε. Among them we have the follow-
ing relations: α > 1 − ε and γ > ε. This expresses positive bias. Furthermore, it is
natural to require that α > γ, which says that, if positively biased, the probability
of the instrument delivering positive reports should be higher when the consequence
holds, rather when it does not; see Figure 7 for a graphical illustrations of the relevant
parameters.19 Conceptually, a directed (here positively directed) bias means that an
instrument is more likely to deliver a result in direction of the bias than a reliable un-
biased instrument. Here, this means that a biased instrument is more likely to deliver
positive reports (formalised by α being closer to one than 1− ε). Graphically speak-
ing, γ and α are shifted to “right of” ε and 1− ε, respectively. For a negatively biased
instrument, matters reverse, α and γ are closer to zero than 1− ε and ε, respectively.

As we said, a positively biased instrument delivers more false positives (with
rate γ) than a reliable instrument with random error (ε). On the other hand, such an
instrument has the attractive feature that it will only deliver falsely negative results at
a lower rate than a reliable instrument does: 1−α < ε. Hence, a biased source will be
more “accurate” than a reliable source; that is, it will tend more often than the reliable
source to claim that the hypothesis is true when it is. On the other hand however, it
will also tend to deliver a higher rate of false positives than a reliable instrument
affected by random error. Hence, observed reports will tend to systematically favour
the hypothesis rather than its alternative(s).

16 Our results also hold for ε+ 6= ε−. Most importantly, the critical ratio for γ/α is ε−/(1− ε+).
17 We consider that the probability distribution over the hypotheses space is such that, the hypothesis of

the instrument being positively biased and negatively biased exclude each other. That is, as soon as one
considers that the source might be affected by some sort of systematic error (due to confounders or bias,
or both), then this should bias results in one direction only.

18 Strictly speaking, all these parameters need to be indexed by the particular report variable under
consideration. To simplify the exposition and in anticipation of the ceteris paribus conditions (see below)
these indexes are suppressed in the notation.

19 Otherwise for α = γ, the unreliable instrument delivers positive results independently of the truth of
the consequence; in other words we have a randomising instrument in the sense of Bovens and Hartmann
(see also Section 3.7).
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We also assume that ε < 0.5, this says that our reliable sources are at least some-
what competent. Finally, we assume non-extreme conditional probabilities, all prob-
abilities are strictly between zero and one.

γ 1− ε0.5ε α0 1

Fig. 7: Parameter configuration is shown for a positively biased instrument, ε < γ <
0.5 < 1−ε < α. If it were the case that γ < ε < 0.5 < α < 1−ε, we would consider
a negatively biased instrument. 0 = ε < γ = α = a < 1− ε = 1 is a “randomising”
instrument in the Bovens and Hartmann sense.

While we are here only interested in positively biased instruments, there are other
parameter configurations which correspond to different types of instruments are:

1. positively biased: ε < γ < 0.5 < 1− ε < α,
2. negatively biased: γ < ε < 0.5 < α < 1− ε,
3. randomiser: 0 = ε < γ = α = a < 1,
4. γ < ε < 0.5 < 1− ε < α and
5. ε < γ < 0.5 < α < 1− ε.

The last two cases (4 and 5) model two different instruments which differ in terms
of their respective accuracy only. In both cases the more accurate instrument has the
lower probability for false positives and the higher for true positives. However, bias
in one direction or the other is absent.20

We want to model a situation in which there is uncertainty whether an instru-
ment is reliable but affected by random error, or whether the instrument is non-
deterministically biased. Hence, we use instruments of the first type in our model.
Our analytical and graphical exploration of the parameter space as well as our expla-
nations will also touch on the last three cases. In Section 3.7, results concerning these
cases will be discussed after the discussion of our model.

The prior probability of a source being reliable and the four conditional probabil-
ities of the report variable REP being positive, REP = Rep, are:

P (Rel) = ρ (10)
P (PB) = 1− ρ (11)

P (Rep|Con,Rel) = 1− ε (12)
P (Rep|Con, PB) = α > 1− ε (13)

P (Rep|Con,Rel) = ε (14)

P (Rep|Con, PB) = γ > ε . (15)

Where PB and Rel are the two values of the REL variable, standing for “positively
biased” and “reliable” (but affected by random error), respectively.

20 If one substitutes ε for γ and α for 1− ε, then the last two models just swap round.
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We understand the VET here the same way as Bovens and Hartmann, and hence
assume that the body of evidence which is more varied in the sense expressed by
them, should enhance the posterior probability of the hypothesis more strongly than
a less varied body of evidence, (9) ought to hold.

We shall consider the three scenarios presented by Bovens and Hartmann. To do
so, we make the usual ceteris paribus assumptions that all reliability variables REL
have the same prior probabilities and that all report variables REP have the same
conditional probabilities. The variables HY P and CON are the same under both
conditions and hence receive equal (conditional) probabilities.

3.2 Belief Dynamics

Initially, the agent believes to a degree ρ that the instrument is reliable (though subject
to some random error). As reports come in, she revises this belief. She also initially
believes that, if the instrument is biased, the probability of obtaining a positive report
is α or γ (depending on whether the consequence holds or not). Unlike the belief
in the reliability of the instrument which changes with accumulating evidence, the
probabilities of obtaining a positive (negative) report from an unreliable instrument
do not change. The parameter values α, γ hardwire the extent of bias into the model,
they do not allow dynamical updates.

Technically, this static extent of bias is due to the reliability variable being binary.
Considering non-binary reliabilitiy variables – for example adding values for more
types unreliability – does not pose any conceptual problem. It merely requires the
specification of further priors in those types of unreliability and the corresponding
conditional probabilities of reports. A thusly enriched model portrays actual belief
dynamics (somewhat) more accurately. The arising technical complications are out-
side the scope of this paper.21

We expect our results to continue to hold in these more powerful models, if the
number of reports is small, large prior beliefs are assigned to values close to α and
γ and if these beliefs change only little as evidence accumulates. If one of these
conditions fails or if reliability is conceived in a different way, then we do not feel
confident enough to predict the relevance of our results to such conditions.

3.3 Scenario 1

We show in Appendix B that for two positive reports the VET does fail:

Theorem 1 For all p ∈ (0, 1), q ∈ (0, p), ρ ∈ (0, 1), ε ∈ (0, 12 ), α ∈ (1 − ε, 1) and
γ ∈ (ε, 1) the VET fails, if and only if

0 < γ2 ≤ γ ≤ γ1 < 1 ,

where γ1 and γ2 are the following parameters

γ2 :=
ε

1− ε
· 2ρ(1− α)− 2ρε(2− α) + 2ρε2 + α(1− ε)

(1− ε)(2ρ− 1) + 2α(1− ρ)
<

ε

1− ε
· α =: γ1 .

21 We thank an anonymous referee for pressing these matters with us.
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That P (Hyp|E) − P1(Hyp|E) = 0, if and only if γ ∈ {γ1, γ2} is established
in Proposition 8. Noteworthy is the fact that γ1 is independent of ρ. Since γ2 < ε
(Proposition 11), it follows that γ = αε/(1−ε) is a necessary and sufficient condition
for the posteriors of the hypothesis to be equal (within the relevant parameter space).

Therefore, the VET fails whenever:
γ

α
<

ε

1− ε
. (16)

That is when the ratio of false to true positives is lower for the biased instrument than
from the one which is affected by random error only. We provide an explanation of
this result and then describe the mathematical details (proofs are in the appendix).
Since α > 1 − ε and γ > ε by assumption, when one receives two positive reports
from the same instrument, then one becomes more confident that one is using a pos-
itively biased instrument. However in case one also knows that if the instrument is
biased, then the ratio γ

α < ε
1−ε , this will boost the probability of the hypothesis, by

the very fact that the ratio of false to true positives is in favour of the biased instru-
ment.

Instead if one receives two positive reports from the same instrument, and one
knows that, if the instrument is biased, then it has an unfavourable true to false posi-
tives ratio ( γα >

ε
1−ε ), then (as it is in most of the cases), the belief in the hypothesis

will not be boosted as much as if the two reports came from different instruments, be-
cause the probability that they would come from biased instruments would be lower,
and this would increase the probability that the positive reports are true positives more
than if one would know that they came from biased instruments (since in this case
the biased instruments have an unfavourable false to true positive ratios).

This also explains why our results are independent of ρ: what matters for the con-
firmatory support to be higher or lower in the more vs. less varied case is exclusively
the false-to-true positive ratios of the positively biased vs. reliable instrument.

By plotting the difference of the posteriors in the two conditions for our first
scenario on the γ − ε-plane we can observe three patterns:

1. for γ ≈ ε the VET invariably fails;
2. for γ � ε the VET holds;
3. as γ and ε tend to 0 the area of VET failure diminishes and becomes eventually

negligible.

A narrative for these results can be provided as follows: 1) When evidence is
only weakly biased with respect to the amount of random error of the unbiased in-
strument (γ is close to ε), then our model favors replication. This first pattern is a
borderline case for our model though, in that biased instruments should have a signif-
icantly higher amount of false positives than reliable ones. The curve which divides
the space where the VET fails and where it holds however, depends on the false-to-
true positives ratio of the two kinds of instruments.

2) When evidence is highly biased relatively speaking (γ much larger than ε),
then confirmation is greater for varied evidence. This case should represent more
realistic scenarios. Here, we have a high suspicion of positive results being due to
bias; so a consistent series of positive reports coming from different instruments is
more confirmatory than from the same instrument.
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Fig. 8: Scenario 1: the γ − ε-plane for N = 2, the curves along which posterior
degrees in the hypothesis are equal for α = 1. The VET holds for the points under
the lower curve and on the left of the upper curve. Points on the left of the upper curve
indicate that the VET holds in this area – which is irrelevant for our current purposes
– since γ < ε holds there. The right graph focuses on the area where the random error
ε is less than 10%. The VET fails in the narrow region between the diagonal, ε = γ
(not pictured), and the lower curve (γ = ε/(1− ε)).

3) for very low values of γ and ε, the instruments are believed to be precise (if
reliable) or with very low bias (if they are biased), hence one benefits more from
varied evidence and testing through different instruments is more confirmatory: the
area where the VET fails becomes negligible (see Figure 8).

3.4 Scenario 2

The equation determining the fate of the VET, see (22), is polynomial in the param-
eters α, ρ, p, q, ε, γ. Even for just two reports (N = 2) the polynomial is much too
large to be tractably solved.

To investigate further, we varied the relevant parameters, including the number
of reports, N . We only found VET failures for extremely strong biases, γ ≈ α, and
hence small ε. To illustrate our point we show Figure 19. We note that the number
of reports matters only to a relatively small degree. This holds true for even larger N
(figures not shown here).

For many reports and a very strong suspicion of bias, a large number of posi-
tive reports boosts the suspicion of bias further. Eventually, the evidence becomes
too good to be believed, and one definitely thinks that the instrument is biased. The
accumulation of ever more positive reports has a detrimental effect on hypothesis
confirmation; therefore, the single report is more confirmatory.

3.5 Scenario 3

In the third Scenario, the curve γ = αε/(1− ε) is again playing a key role:
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Theorem 2 For γ = α · ε
1−ε and all p ∈ (0, 1), q ∈ (0, p), ρ ∈ (0, 1), ε ∈ (0, 12 ) and

all N ≥ 2

P (Hyp|E) = P1(Hyp|E) .

In this third scenario however, the parameter space is not so neatly divided by the
curve γ = αε/(1− ε). As we can see from Figure 9 a second curve (in green), along
which P (Hyp|E) = P1(Hyp|E) holds too, intersects the curve γ = αε/(1 − ε).
This second curve is found by inserting the parameter values (N = 2, ρ = 0.25, q =
0.75, p = 0.9, α = 0.975) and solving the polynomial in the variables γ, ε symbol-
ically in Octave. Do note that the second curve is outside the specified parameter
bounds as ε < 1− α holds there.

Fig. 9: Scenario 3: The γ − ε-plane. The relevant parameter space γ > ε (below
the red curve) is divided into parts by the curve γ = αε/(1 − ε) blue curve and the
curve γ = −5ε/3+

√
11680ε2 − 213360ε+ 226161/120− 77/20 green curve. The

VET holds for values below the blue and on the right of the green curve. Unlike in
Scenario 1, the VET now also fails more widely for tiny random errors ε. However,
note that α = 0.975 and hence ε > 0.025 holds in our model. This means that the
small triangle (VET failure) near the origin (bordered by the green and red curve as
well as the x-axis) is outside the allowed parameter values of our model.

Our graphical exploration of the six-dimensional parameter space (p, q, ρ, α, ε, γ)
for larger N , did not reveal any difference to the two-report case. We saw for all
parameter values we checked that the curve γ = αε/(1− ε) continued to be the only

21



area where both posteriors were equal. The VET fails for smaller γ and holds for
larger γ, show Figure 20 and Figure 21 which illustrate the point. There we zoom
into a smaller set of the entire parameter space by looking at relatively low values
of ε, γ ∈ (0, 0.2). Again, the yellow area near the origin is outside the specified
parameter values.

In the third Scenario, we found the same results concerning the VET as in Sce-
nario 1. The status of the VET only depends on whether γ/α is greater or less than
ε/(1− ε) within the considered parameter values, independently of N, ρ, p, q. This is
so for the same reasons as in Scenario 1.

3.6 Multiple Reports

Scenario 1: Our graphical exploration of the parameter space for larger N indicates
that the VET fails for all γ < αε/(1− ε) and all N . The cases of N = 5 and N = 50
consistent positive reports are shown in Figure 17 and Figure 18. 22

Multiple reports are investigated in Proposition 10. For all N ≥ 3, we show that
the VET continues to hold for γ > γ1 and continuous to fail for γ ≤ γ1 that are also
close to γ1. This shows that VET failure in our model does not depend on the amount
of evidence, but rather on the dependency structure among items of evidence.

As mentioned in Sections 3.4 and 3.5, the fate of the VET is also relatively robust
under changes of N in Scenario 2 and Scenario 3. See Appendix B.1 for formal
analysis and Appendix B.2 for graphical explorations of parameter spaces.

3.7 Bovens and Hartmann’s Model as a Limiting Case

While it was our intention to model positively biased instruments (ε < γ and
1 − ε < α), it is compatible; although initially unintended; with our model that
an unreliable instrument is a randomiser (γ = α = a). If ε is also set to zero, which
violates two of our modeling choices (ε > 0 and α > 1 − ε = 1), then we recapture
the Bovens and Hartmann model. Dropping these two assumptions we realise that
our approach contains the Bovens and Hartmann approach. On the other hand, their
approach hinges on P (Rep|Con,Rel) = P (Rep|Con,Rel) = a and hence does
not allow γ and α to be teased apart. In this mathematical sense, our approach is a
proper generalistion of Bovens and Hartmann’s. Conceptually, both approaches differ
in their understanding of (un-)reliability and ours also includes random error.

Indeed, for parameter choices approximating the Bovens and Hartmann model,
ε ≈ 0 and γ ≈ α, the posterior probability of the hypothesis in our model will ap-
proximate the posterior in the Bovens and Hartmann model. This follows from the
continuous dependence of the posterior probability distribution on the input param-
eters (conditional probabilities). For such parameter values, the results obtained by

22 Figure 17 and Figure 18, we also notice that the area of VET failure increases for ε > γ for increasing
N which also depends on ρ. The dependence on ρ does not come as a surprise given the explicit depen-
dence of γ2 on ρ in Theorem 1. However, ε > γ does not correspond to biased instrument is hence outside
our model, see Section 3.7 for discussion.
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Bovens and Hartmann regarding the status of the VET (in all three scenarios) tend to
hold in our model, too.

In their approach, P (Rep|Con,Rel)/P (Rep|Con,Rel) = a/a = 1 is much
different from P (Rep|Con,Rel)/P (Rep|Con,Rel) = 0/1 = 0. So, epistemic dy-
namics and VET failures revolving around γ/α = ε/(1 − ε) are inconceivable from
within the Bovens and Hartmann model.

In our approach we can explain some VET failures as being ‘artefacts’ of Bovens
and Hartmann’s model. In Scenario 2, we only found VET failures for γ ≈ α and
small ε, see Figure 19. These are precisely the limiting conditions under which our
model converges to their model. VET failure in our second scenario can hence be
understood entirely as an ‘artefact’ of the Bovens and Hartmann model, or more
precisely, as a consequence of modeling instrument unreliability the way they do.
For the largest part of the parameter space, the VET does hold in our model.

In our Scenario 3, we saw in Figure 9 that there is a small area near the origin,
where the VET fails for γ > ε, the same behavior was found for larger N (see
Figure 20 and Figure 21). In this area, if α < 1 − ε, both the false positive and the
true positive rates of the unreliable instrument get closer to .5, that is we are in model
5 (page 17). This also renders the model

Plotting VET failures in the p − q-plane, we find it then little surprising that
Figure 10 for α < 1 − ε of our model is reminiscent of Figure 11 which depicts
the VET failure in Scenario 3 in the Bovens and Hartmann model. The area of VET
failure significantly increased with decreased α.

VET failure can be explained as follows: When ε and γ are tiny and q and p are
both large, then multiple positive reports increase our belief that the instrument is re-
liable. This is because, when q and p are both large, then one expects a truth-tracking
instrument to deliver more positive reports then not, given that the consequence will
tend to hold most of the time (more often when the hypothesis is true – p > q – but
also when it is false – high q). So, multiple positive reports from the same instrument
increase the belief in it being reliable more than multiple positive reports obtained
from different instruments increase the belief in the reliability of these instruments,
for certain parameter values. For these parameter values, the less varied condition is
thus more confirmatory than the more varied one.

In Bovens and Hartmann’s Scenario 3, p and q play only a marginal role when
a is not close to 0.5, see Figure 16. For instance, for a = 0.9 the VET holds for
almost the entire area of the relevant parameter space – that is, below the equality
line p = q – whereas it almost never holds for a = 0.1. It is when a = 0.5 (or close
to this value) that p and q play a role, see Figure 11. This is when the instrument is
a randomiser par excellence: it delivers positive and negative reports half of the time,
no matter what the truth is. In this case, the VET tends to fail for q and p ≥ 0.5,
that is, when one expects consistent positive reports from reliable instruments. If the
series of reports comes from a single instrument, this boosts the probability that the
instrument is reliable and, since the indicator is positively relevant (p > q), although
being noisy, this does more confirmatory work with respect to the hypothesis than
having the same series from different instruments. These dynamics are even more
evident for ρ = 0.1: here the VET fails also for high values of p, and more so for
more positive reports.
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Fig. 10: Scenario 3 in our model: The p− q-plane for fixed
γ = 0.02, ε = 0.01,N = 2 and varying ρ, α. Yellow indicates the area of
VET failure. Within a column of a set ρ varies: top ρ = 0.25, middle ρ = 0.5,
bottom ρ = 0.75. Within a row α varies: left α = 0.975, middle α = 0.985, right
α = 0.995.

4 Discussion

With the present paper we aimed to: a) contribute to the debate on the Variety of
Evidence Thesis by testing the results obtained in previous work on a different model
of scientific inference, in that we add both random and systematic error to the picture,
and b) investigate the epistemic dynamics that develop under such conditions.

With respect to these two aims:

i We verified the VET failure for a model which maintains the topological char-
acteristics of Bovens and Hartmann’s but differs from it – and from Claveau’s
one – by incorporating both random error and undeterministic bias, as possible
characteristics of the instrument, and by eliminating randomisers.

ii We spelled out the theoretical grounds and implications for the curve (γ =
αε/(1 − ε)) along which posterior probabilities are equal, that is, more vs. less
varied evidence conditions have the same confirmatory boost.

iii We identified the conditions in which the role of q (the false positive rate of
the consequence with respect to the hypothesis) becomes relevant in Bovens and
Hartmann’s model and explained why.

iv We found VET failure in our model to be robust with respect to the number of
positive consistent reports obtained, in contrast to Bovens and Hartmann’s model.

v We found that our approach mathemically encompasses Bovens and Hartmann’s
approach. We hence were able to explain VET failures in our second scenario as
artefacts of their approach.
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Fig. 11: Scenario 3 in Bovens and Hartmann model: The p,q-plane for varying
ρ,N and fixed a = 0.5. Yellow indicates the area of VET failure, blue means that the
VET holds. Within a column N varies: top N = 2, middle N = 10, bottom N = 50.
Within a row ρ varies: left ρ = 0.1, middle ρ = 0.5, right ρ = 0.9. When a = 0.5
(or close to this value), then the instrument is a randomiser par excellence: it delivers
positive and negative reports half of the time, no matter what the truth is. In this case,
the VET tends to fail for q and p ≥ .5, that is, for consequences which have high rate
of both true and false positives. In this case one expects consistent positive reports
from reliable instruments no matter whether the consequence holds or not; hence,
if the series comes from a single instrument, this boosts the degree of probability
that the instrument is reliable and, since the indicator is anyway positively relevant
(p > q), this does more confirmatory work with respect to the hypothesis than having
the same series from different instruments.

i. The VET fails in all models (Bovens and Hartmann’s, Claveau’s, and ours),
however, in our model the VET clearly fails only in the first and third scenarios.
Furthermore, in our first and third scenario, the VET tends to fail in the parameter
space where γ ≈ ε, which represents borderline cases for our purposes, in that we
assume positively biased instruments to deliver false positive reports at a consistently
higher rate than unbiased ones.

In the second scenario, where Bovens and Hartmann’s model predicts that testing
one consequence once is more confirmatory than testing it twice through the same
instrument23, the VET fails in our model for very large values of γ ≈ α only. This is
the kind of parameter space where our unreliable instruments resemble Bovens and
Hartmann’s randomisers. Hence, at least in this kind of scenario, modeling unreliable
instruments as fully randomisers can be considered to fully explain failure of the
VET.

23 For certain values of the parameter space (especially high α, low ρ and low p); see Section 2.1.
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ii. Both in our first and third scenario, the condition for VET failure is γ <
αε/(1 − ε). Consistent positive reports from the same instrument increase the belief
that it is a positively biased one. In case the ratio of false to true positives is favourable
for such an instrument, then the confirmatory boost of two reports is greater when
coming from the same instrument than when coming from two independent ones.

iii. We found that the rate of the true positives (p) and false positives (q) relating
consequences and hypothesis, play a role in Bovens and Hartmann’s third scenario
only when a = 0.5. The VET fails in this case when q, and therefore, by assumption
p, is high. This comes from the simple fact that in such a case, one expects to receive
positive reports from a reliable instrument, no matter what. Hence, consistent positive
reports reduce the probability of having to do with a proper randomiser and are more
confirmatory than receiving them from distinct instruments.

In our model p and q play very little role regarding the status of the VET. In
Scenario 3, for α < 1 − ε and ε ≈ 0, the VET does fail, and the failure depends
on p and q being high. More generally, within our model, the status of the VET is
(almost completely) independent of the epistemic characteristics of the consequences
(measured by p and q), whereas the fate of the VET mainly depends on the instrument
characteristics (α, γ and ε).

iv. We found that in general, explanations given for the two reports cases were
corroborated in the multiple reports scenarios. The area of VET failure in the pa-
rameter space for N > 2 reports grows in Bovens and Hartmann’s model but only
insignificantly so in ours. This speaks for a higher robustness of our model with re-
spect to such change. We explain this by pointing to the different ways of modeling
reliability. In our model, an unreliable instrument produces positive reports more of-
ten than a reliable instrument. Consistency of positive reports is thus a sign of the
unreliability of the instrument. The exact opposite happens in the Bovens and Hart-
mann model. Consistency of positive reports from the same instrument in the latter
case is a much stronger indicator of the reliability of the instrument and hence a
much stronger booster of hypothesis confirmation – even more so for higher numbers
of reports.

In particular, in Bovens and Hartmann’s case, growth of the area where the VET
fails for N > 2 is driven by conceptualising unreliable instruments as randomisers
with a certain probability a of delivering positive reports, whether the consequence
holds or not. If such probability is low, then a consistent series of positive reports
speaks in favour of the instrument being reliable. Hence, when a is low, multiple
consistent reports from the same instrument will be more confirmatory than from
different instruments and the VET fails. On the other side, if such probability is high,
a consistent series of positive reports rather speaks in favour of the instrument being
a randomiser, hence such series is more confirmatory, when delivered by different
instruments, and the VET tends to hold.

v. We found that for γ = α and ε = 0 our approach mathematically encompasses
the Bovens and Hartmann approach. While Bovens and Hartmann’s approach can
be used to explain all VET failures in our second scenario, the interesting epistemic
dynamics and VET failure in our Scenario 1 and 3, revolving around the condition
γ/α = ε/(1− ε), are inconceivable from within their approach. This leads us to con-
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clude that the VET is more sensitive to the relative order of conditional probabilities
(γ ≷ ε and α ≷ 1− ε) than to the absolute conditional probabilities.

Outlook

Our analysis of the models brings to light the influence of the model of reliability
on VET failure. In particular, the distinctive ways to model reliability in Bovens and
Hartmann’s approach and in ours identify the reason for the intuition underpinning
“too-good-to-be-true” evidence. In science, “too much” consistency rather speaks for
bias than truth, since, a certain dose of inaccuracy – random error – is assumed also
in reliable instruments. Our model (see Section 3.4) tracks such reasoning in that,
the probability of true positives for a reliable instrument affected by random error
is lower than the true positive rate for a positively biased instrument. Hence, in our
setting, a series of consistent reports from the same instrument, does not necessarily
lead to a decreased belief in the instrument being unreliable, as it happens in Bovens
and Hartmann’s case, but rather boosts the belief that it is biased.

A biased source will be more “accurate” than a reliable source, with respect to true
positives; that is it will tend to “hit” the hypothesis more often than the reliable source
does. However, it will also tend to deliver a higher rate of false positives than a reliable
instrument affected by random error. (Implicit) awareness of this fact, will increase
the suspicion that when too many positive reports come from the same instruments,
then a considerable amount of them are false positives, more than we would have
from a reliable source.

This consideration dovetails with recent simulation studies showing the impact of
bias on cumulative data analysis in terms of increased speed of convergence and “ar-
tificial accuracy” ([Romero(2016)] and also [Stanley and Spence(2014)]) and invite
further research on modeling scientific inference across various scientific domains,
with a view on the different structural characteristics of the testing instruments (e.g.,
physical apparatuses in physics vs. questionnaires in psychology vs. randomised con-
trolled trials in medicine).

Acknowledgements Blinded for review.
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A The Variety of Evidence Thesis in the Bovens and Hartmann Framework for
Multiple Items of Evidence

A.1 Discussion

Scenario 1: the VET fails for values of ρ < 0.5 and the larger the number of consistent reports the larger
values a can take in the area of VET failure. This is explained by the interaction of consistent positive
reports with the prior belief in the source being a randomiser. A growing number of consistent reports
from the same source decreases the belief that it is a randomiser, and thereby boosts the belief that this
source is reliable. Instead, in the more varied case (D), the consistency of independent reports increases the
belief in the reliability of each source to a lower degree. Hence, confirmation is greater in the less varied
case (B).

For Scenario 2, the VET fails for weak indicators (p + q < a) more widely for multiple consistent
positive reports: the probability of receiving multiple consistent positive reports from the same instrument
for such a weak indicator is larger when the instrument is a randomiser than when it is reliable. For higher
prior ρ, the area of VET failure is smaller. However, in the limit (N = ∞) the VET fails in the area for
p + q < a for all values of ρ. See Figures 12–14 for a graphical illustration for a = 0.1, a = 0.5, a =
0.9. For small ρ the limit is reached more quickly, since a low prior reliability and consistent positive
reports make for a very large posterior belief in the instrument being a randomiser. The probability of the
hypothesis is greater, if only a single report has been received.

Fig. 12: Scenario 2 for a = 0.1 and varying ρ,N in the p− q-plane. Yellow indi-
cates the area of VET failure, the blue color means that the VET holds. Figures within
one column vary only with the number of reports: top N = 2, middle N = 10, bot-
tom N = 50. Figures within one row vary only with ρ: left ρ = 0.1, middle ρ = 0.5,
right ρ = 0.9.

In Scenario 3, we discover apparently intricate relationships between N, p, q, ρ, a and the fate of
the VET, see Figure 15 and Figure 16. However, it is clear that VET failure is driven by conceptualising
unreliable instruments as complete randomisers (with varying probability of delivering positive reports,
whether the consequence holds or not). As a matter of fact, some general trends emerge: when a is small
the VET tends to fail while for large a the VET tends to hold: multiple positive reports from an instrument
which, if it is a randomiser, is very unlikely to provide a positive report (a small = the instrument is
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Fig. 13: Scenario 2 for a = 0.5 and varying ρ,N in the p− q-plane. Yellow indi-
cates the area of VET failure, the blue color means that the VET holds. Figures within
one column vary only with the number of reports: top N = 2, middle N = 10, bot-
tomN = 50. Figures within one row vary only with respect to ρ: left ρ = 0.1, middle
ρ = 0.5, right ρ = 0.9.

Fig. 14: Scenario 2 for a = 0.9 and varying ρ,N in the p− q-plane. Yellow indi-
cates the area of VET failure, the blue color means that the VET holds. Figures within
one column vary only with the number of reports: top N = 2, middle N = 10, bot-
tom N = 50. Figures within one row vary only with row: left ρ = 0.1, middle
ρ = 0.5, right ρ = 0.9.
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Fig. 15: Scenario 3: The ρ− a-plane for varying p,q,N. Yellow indicates VET
failure. The top 3x3-set is for p = 0.5, the second for p = 0.7 and the bottom for
p = 0.9. Within a column of a 3x3-set, N varies: top N = 2, middle N = 10,
bottom N = 50. Within a row q varies: left q = 0.05, middle q = 0.05 + p/3, right
q = 0.05 + 2p/3.
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Fig. 16: Scenario 3: The p,q-plane for varying ρ,a,N. Yellow indicates the area
of VET failure, blue means that the VET holds. The first 3x3-set is for a = 0.1 and
the bottom for a = 0.9. Within a column of a 3x3-set, N varies: top N = 2, middle
N = 10, bottom N = 50. Within a row ρ varies: left ρ = 0.1, middle ρ = 0.5, right
ρ = 0.9.

a naysayer), convince us that the instrument is not a randomiser. Hence, repeated such reports provide
significant confirmatory boost and the VET fails. For more and more reports however the area of VET
failure tends to grow also for higher values of a, because the consistent series of reports provide evidence
of the instrument not being a randomiser, even if its probability of delivering positive reports, were it to be
so, is not low.24

24 In Scenario 3, the area of points for which the VET fails grows – however for some parameters the
VET fails for two items of evidence but does hold(!) for more items of evidence. See Figure 5, where for
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Since consistency of reports from the same instrument speaks against it being a randomiser, replica-
tion from the same instrument is ceteris paribus more confirmatory than receiving positive reports from
different instruments, and this is all the more so when the indicator is a strong one (p high). The effect is
enhanced for higher values of q (that is, the probability of the consequence holding even if the hypothesis
is false): when both p and q are high, one expects a truth-tracking instrument to deliver positive reports
most of the time. A consistent series of reports from a single instrument is therefore more confirmatory
than the same series delivered by different instruments (see Figure 15).

In the same line of reasoning, if one looks at Figure 16, one can observe interesting patterns. Whereas
for a = 0.9 the VET holds for almost the entire area of the relevant parameter space (that is, below the
equality line p = q), it almost never holds for a = 0.1: when the probability of a randomiser to deliver
positive reports is that low, then a consistent series of positive reports indicates that the instrument is not a
randomiser, and therefore there is more confirmatory boost from multiple tests from the same instrument.
On the other side, if such probability is high (a = 0.9), a consistent series of positive reports rather speaks
in favour of the instrument being a randomiser, hence such series is more confirmatory, when delivered by
different instruments.

Here, p and q enter into the picture only when a = 0.5 (or close to this value); that is, when the
instrument is a randomiser par excellence: it delivers positive and negative reports half of the time, no
matter what the truth is. In this case, the VET tends to fail for q and p ≥ 0.5, that is, for consequences
which have high rate of both true and false positives – these are not bad indicators (since one would also
need p to be low for that, but rather noisy ones). In this case one expects consistent positive reports from
reliable instruments no matter whether the hypothesis holds or not. Hence, if the series of reports comes
from a single instrument, this boosts the degree of probability that the instrument is truth-tracking and,
since the indicator is positively relevant (p > q), although being noisy, this does more confirmatory work
with respect to the hypothesis than having the same series from different instruments. These dynamics are
even more evident if ρ = 0.1: then the VET fails also for lower values of p, and more so for a greater
number of positive reports (see Figure 11).

A.2 Formal Analysis

The first observation we make is that to determine the difference of two posterior probabilities in the
hypothesis of interest being true given the evidence E we only require to compute likelihoods.25

Lemma 1 Under the ceteris paribus assumption of P (Hyp) = P1(Hyp)

sign(P (Hyp|E)− P1(Hyp|E)) = sign
(
P1(E|Hyp) · P (E|Hyp)− P (E|Hyp) · P1(E|Hyp)

)
.

Proof Applying Bayes’ Theorem we find the following equality for all probability functions P for which
the conditional probabilities are well-defined

P (Hyp|E) =
P (Hyp)

P (Hyp) + P (Hyp)
P (E|Hyp)
P (E|Hyp)

.

Hence,

sign
(
P (Hyp|E)− P1(Hyp|E)

)
= sign

(P1(E|Hyp)
P1(E|Hyp)

−
P (E|Hyp)
P (E|Hyp)

)
= sign

(
P1(E|Hyp) · P (E|Hyp)− P (E|Hyp) · P1(E|Hyp)

)
.

p = 0.9 and q = 0.1 the VET fails for a = 0.15 and large ρ and two items of evidence while it holds for
the same parameter values for 50 items of evidence. An explanation of this non-monotonicity of the area
in which the VET fails is left to further study. This the only instance in either model in which we observed
such non-monotonicity.

25 Throughout, all probabilities (P (Hyp), p, 1− p, q, 1− q, a, 1− a, ρ, 1− ρ) are non-zero and thus
all conditional probabilities are well-defined.
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So, whenever we want to compute which of two posterior probabilities is greater,
P (Hyp|E), P1(Hyp|E), we only need to compute the terms in Lemma 1.

Some results in this subsection also appear in the Philsci-Archive in [Hartmann and Bovens(2001)].
Bovens and Hartmann never published the results in their Philsci-report elsewhere. Our and their results
are consistent and where found independently.

A.2.1 Scenario 1

We first compare two situations in which we have a number of reports pertaining to a consequence of
the hypothesis. In the first situation, the reliability of the reports are independent, in the second situation
reliability is shared, see first scenario in Figure 2 for the Bayesian network representations. We use E+ to
denote the number of positive reports and E− for the negative reports.

The ceteris paribus conditions we impose are those in Bovens & Hartmann, they are

P (Hyp) = P1(Hyp)

P (Con|Hyp) = P1(Con|Hyp) =: p

P (Con|Hyp) = P1(Con|Hyp) =: q

P (Repi|Con,Reli) = P1(Rep|Con,Rel) = 1 for all i

P (Repi|Con,Reli) = P1(Rep|Con,Rel) = 0 for all i

P (Repi|Con,Reli) = P1(Rep|Con,Rel) = a for all i

P (Repi|Con,Reli) = P1(Rep|Con,Rel) = a for all i

P (Reli) = P1(Rel) = ρ for all i .

We begin by calculating likelihoods

P (E|Hyp) =
∑

CON,RELi

P (CON |Hyp)
N∏
n=1

P (Repi|CON,RELn) · P (RELn)

=p ·
(E+∑
g=0

(E+

g

)
· ρg · ρ̄E

++E−−g · (1− a)E
−
aE

+−g
)

+ p̄ ·
(E−∑
g=0

(E−
g

)
· ρg · ρ̄E

++E−−g · (1− a)E
−−gaE

+
)

P (E|Hyp) =
∑

CON,RELi

P (CON |Hyp)
N∏
n=1

P (Repi|CON,RELn) · P (RELn)

=q ·
(E+∑
g=0

(E+

g

)
· ρg · ρ̄E

++E−−g · (1− a)E
−
· aE

+−g
)

+ q̄ ·
(E−∑
g=0

(E−
g

)
· ρg · ρ̄E

++E−−g · (1− a)E
−−g · aE

+
)
.

Let us now investigate P1:

P1(E|Hyp) =
∑

CON,REL

P1(CON |Hyp) · P1(REL)

N∏
n=1

P1(Repi|CON,REL)

=p ·
(
ρ · factor1 + ρ̄ · aE

+
· (1− a)E

−)
+ p̄ ·

(
ρ · factor2 + ρ̄ · aE

+
· (1− a)E

−)
=ρ̄ · aE

+
· (1− a)E

−
+ ρ · (p · factor1 + p̄ · factor2) .
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Where factor1 = 0, if E− > 0 and factor1 = 1, if E− = 0; and factor2 = 0, if E+ > 0 and
factor2 = 1, if E+ = 0.

P1(E|Hyp) =
∑

CON,REL

P1(CON |Hyp) · P1(REL)
N∏
n=1

P1(Repi|CON,REL)

=q ·
(
ρ · factor1 + ρ̄ · aE

+
· (1− a)E

−)
+ q̄ ·

(
ρ · factor2 + ρ̄ · aE

+
· (1− a)E

−)
=ρ̄ · aE

+
· (1− a)E

−
+ ρ · (q · factor1 + q̄ · factor2) .

Since our philosophical interest here only concerncs positive reports, we restrict attention to E− = 0 and
E+ ≥ 1. So, factor1 = 1 and factor2 = 0.

Proposition 1 In Scenario 1 it holds for all E+ ≥ 1 that

sign
(
P (Hyp|E)− P1(Hyp|E)

)
= sign

(
(ρ+ ρ̄ · a)E

+
− (ρ̄E

+−1 · ρ+ (ρ̄ · a)E
+

)
)
.

Proof Let us compute conditional probabilities

P (E|Hyp) =p ·
(E+∑
g=0

(E+

g

)
· ρg · ρ̄E

+−g · aE
+−g

)
+ p̄ ·

(
ρ̄E

+
· aE

+
)

=p ·
(
ρ+ ρ̄ · a

)E+

+ p̄ ·
(
ρ̄E

+
· aE

+
)

P (E|Hyp) =q ·
(E+∑
g=0

(E+

g

)
· ρg · ρ̄E

+−g · aE
+−g

)
+ q̄ ·

(
ρ̄E

+
· aE

+
)

=q ·
(
ρ+ ρ̄ · a

)E+

+ q̄ ·
(
ρ̄E

+
· aE

+
)

P1(E|Hyp) =ρ̄ · aE
+

+ ρ · p

P1(E|Hyp) =ρ̄ · aE
+

+ ρ · q .

We find

sign
(
P1(E|Hyp) · P (E|Hyp)− P1(E|Hyp) · P (E|Hyp)

)
= sign

(
(ρ̄ · aE

+
+ ρ · q) ·

(
p · (ρ+ ρ̄ · a)E

+
+ p̄ · (ρ̄E

+
· aE

+
)
)

− (ρ̄ · aE
+

+ ρ · p) ·
(
q · (ρ+ ρ̄ · a)E

+
+ q̄ · (ρ̄E

+
· aE

+
)
))

= sign
(
ρ̄ · aE

+
· (ρ+ ρ̄ · a)E

+
(p− q) + (ρ̄ · a)E

+
· [p̄ · (q · ρ+ aE

+
ρ̄)− q̄ · (p · ρ+ aE

+
ρ̄)]
)

= sign
(
ρ̄ · aE

+
· (ρ+ ρ̄ · a)E

+
(p− q) + (ρ̄ · a)E

+
· [(q − p) · ρ+ aE

+
· ρ̄ · (q − p)]

)
= sign

(
ρ̄ · aE

+
· (p− q) · [(ρ+ ρ̄ · a)E

+
− (ρ̄E

+−1 · ρ+ (ρ̄ · a)E
+

)]
)
.

Since p > q, the leading factors are strictly greater than zero and do not influence the sign of the expres-
sion.

It follows immediately, that if ρ = ρ̄ = 0.5 and a = 0, then both posterior probabilities are equal. More
generally, we have

Proposition 2 The status of the VET is independent of p, q but does depend on the relation of ρ, a, E+:

– if ρ
ρ̄

+ a < 1, then the VET fails for all E+ ≥
log( ρ

ρ̄
)

log(a+ ρ
ρ̄

)
> 1.

– If ρ
ρ̄

+ a ≥ 1, then the VET holds for all E+ ≥ 2.
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Proof Let λ := ρ
ρ̄

, in particular, assume that it is well-defined, i.e., ρ̄ > 0. With this new parameter we
find

(ρ+ ρ̄ · a)E
+
− (ρ̄E

+−1 · ρ+ (ρ̄ · a)E
+

) =(λ+ a)E
+
· ρ̄E

+
− λ · ρ̄E

+
− aE

+
· ρ̄E

+

=ρ̄E
+
·
(

(λ+ a)E
+
− (λ+ aE

+
)
)
.

If λ+ a ≥ 1, then we find for E+ ≥ 2 that the VET holds:

(ρ+ ρ̄ · a)E
+
− (ρ̄E

+−1 · ρ+ (ρ̄ · a)E
+

) =ρ̄E
+
·
(

(λ+ a)E
+
− (λ+ aE

+
)
)

>ρ̄E
+
·
(

(λ+ a)E
+
− (λ+ a)

)
>ρ̄E

+
·
(

(λ+ a)− λ− a
)

=0 .

For λ+ a < 1 we find

(ρ+ ρ̄ · a)E
+
− (ρ̄E

+−1 · ρ+ (ρ̄ · a)E
+

) =ρ̄E
+
·
(

(λ+ a)E
+
− (λ+ aE

+
)
)

(17)

<ρ̄E
+
·
(

(λ+ a)E
+
− λ
)
. (18)

Since (λ + a)E
+

tends to zero as E+ gets ever greater, the VET fails for large enough E+. Slving
(λ+ a)E

+ − λ = 0 for E+ we find the threshold of

E+ =
log(λ)

log(λ+ a)

beyond which the VET fails.

Let us first note that the condition ρ
ρ̄

+ a < 1 is equivalent to

a <
1− 2ρ

1− ρ
.

Since the inequality in (18) in the proof of this proposition is not tight, the VET may already fail for smaller
e than this bound. Since solving (17)= 0 for E+ can only be done numerically, the curves (λ+ a)E

+ −
λ = ( ρ

ρ̄
+ a)E

+ − ρ
ρ̄

= 0 are plotted for various E+ > 2. We can see the area in which the VET fails
in the ρ− a-plane grow as the number of positive reports increases, see Figure 6.

A.2.2 Scenario 2

We now turn to the second scenario in which a single positive report is, in certain cases, more confirmatory
than a number of positive reports, ceteris paribus.

The ceteris paribus conditions we impose are the usual ones

P (Hyp) = P1(Hyp)

P (Conn|Hyp) = P1(Con|Hyp) = p for all n

P (Conn|Hyp) = P1(Con|Hyp) = q for all n

P (Repi|Conn, Rel) = P1(Rep|Con,Rel) = 1 for all i, n

P (Repi|Conn, Rel) = P1(Rep|Conn, Rel) = 0 for all i, n

P (Repi|Conn, Rel) = P1(Rep|Con,Rel) = a for all i, n

P (Repi|Conn, Rel) = P1(Rep|Con,Rel) = a for all i, n
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P (Rel) = P1(Rel) = ρ .

Let us first note that discordant evidence entails that the source of evidence in Scenario 1 is unreliable.
Hence, P1(Hyp|Rep) > P1(Hyp) = P (Hyp). For a discordant body of evidence E we have that
P1(Hyp|E) > P1(Hyp) = P (Hyp).

Let us hence assume that all reports are positive. To determine the status of the VET we find for N
positive reports:

Proposition 3 For all N ≥ 2 it holds in Scenario 2 that

sign
(
P (Hyp|Rep1, . . . , RepN )− P1(Hyp|Rep)

)
= sign

(
(ρ · q · p+ ρ̄ · a(p+ q)) · (p+ q)N−2 − ρ̄ · aN

)
.

Proof We find

P (Rep1, . . . , RepN |Hyp) =
∑

CON1,...,CONN ,REL

P (Rep1, . . . , RepN , CON1, . . . , CONN , REL|Hyp)

=ρ · pN + ρ̄ · (a · ρ+ a · ρ̄)N

=ρ · pN + ρ̄ · aN

P (Rep1, . . . , RepN |Hyp) =
∑

CON1,...,CONN ,REL

P (Rep1, . . . , RepN , CON1, . . . , CONN , REL|Hyp)

=ρ · qN + ρ̄ · (a · ρ+ a · ρ̄)N

=ρ · qN + ρ̄ · aN

P1(Rep|Hyp) =
∑

CON,REL

P1(Rep,CON,REL|Hyp)

=p · (ρ+ a · ρ̄) + p̄aρ̄

=p · ρ+ a · ρ̄

P1(Rep|Hyp) =
∑

CON,REL

P1(Rep,CON,REL|Hyp)

=q · (ρ+ a · ρ̄) + q̄aρ̄

=q · ρ+ a · ρ̄ .

Hence,

sign
(
P (Hyp|Rep1, . . . , RepN )− P1(Hyp|Rep)

)
= sign

(P1(Rep+|Hyp)
P1(Rep+|Hyp)

−
P (Rep+

1 , . . . , Rep
+
N |Hyp)

P (Rep+
1 , . . . , Rep

+
N )|Hyp

)
= sign

( q · ρ+ a · ρ̄
p · ρ+ a · ρ̄

−
ρ · qN + aN · ρ̄
ρ · pN + aN · ρ̄

)
= sign

(
ρ2 · q · p · (pN−1 − qN−1) + aN · ρ · ρ̄ · (q − p) + a · ρ̄ · ρ · (pN − qN )

)
= sign

(
ρ2 · q · p · (pN−1 − qN−1) + ρ · ρ̄ · a · [−aN−1 · (p− q) + (pN − qN )]

)
= sign

(
ρ2 · q · p · (pN−1 − qN−1) + ρ · ρ̄ · a · (p− q) · [−aN−1 + (p+ q)N−1]

)
= sign

(
ρ · (p− q) · [ρ · q · p · (p+ q)N−2 + ρ̄ · a[−aN−1 + (p+ q)N−1]

)
.

Note that p+ q > a is a sufficient condition for this sign being positive and the VET holding.
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For ever larger N the condition p + q > a eventually becomes a necessary condition, too. This can
be seen from the last expression by substituting λ · a for (p+ q) with λ · a ∈ (p+ q, a). We obtain

(ρ · q · p+ ρ̄ · a2λ) · (aλ)N−2 − ρ̄ · aN = aN−2 · [(ρ · q · p+ ρ̄ · a2λ) · λN−2 − ρ̄ · a2]

Since only if λ < 1, is the term on the left of the minus sign eventually less than the term on the right of
it.

This means that the area where the VET fails grows whenN is large. It should be noted that the values
of ρ has next to no influence on whether the VET fails or holds for large N . See Figure 3 and Figure 4 for
a graphical representation.

A.2.3 Scenario 3

We now investigate the third scenario. Again, it is the single source giving multiple reports which provides,
in some cases, more confirmation to the hypothesis than multiple sources, ceteris paribus.

The ceteris paribus conditions we here impose are

P (Hyp) = P1(Hyp)

P (Conn|Hyp) = P1(Conn|Hyp) = p for all n

P (Conn|Hyp) = P1(Conn|Hyp) = q for all n

P (Repi|Coni, Rel) = P1(Repi|Coni, Reli) = 1 for all i

P (Repi|Coni, Rel) = P1(Rep|Coni, Reli) = 0 for all i

P (Repi|Coni, Rel) = P1(Rep|Coni, Reli) = a for all i

P (Repi|Coni, Rel) = P1(Rep|Coni, Reli) = a for all i

P (Rel) = P1(Reli) = ρ for all i .

Even when all reports are positive, i.e., N = E+ > 2 and E− = 0, the general formula for the
difference of conditional probabilities is rather opaque:

Proposition 4 For all E+ ≥ 1 it holds in Scenario 3 that

sign
(
P (Hyp|E)− P1(Hyp|E)

)
= sign

(
ρ̄ · aE

+
· [
E+∑
f=1

(E+

f

)
ρf · (ρ̄ · a)E

+−f · (qf − pf )]

+ ρ · [
E+−1∑
k=0

(E+

k

)
· ρk · (ρ̄ · a)E

+−k · (qk · pE
+
− pk · qE

+
)]
)
.

Proof For P we calculate and find

P (E|Hyp) =
∑

CON1,...,CONE+ ,REL

P (E,CON1, . . . , CONE+ , REL|Hyp)

=ρ · pE
+

+ ρ̄ · (a · ρ+ a · ρ̄)E
+

=ρ · pE
+

+ ρ̄ · aE
+

P (E|Hyp) =
∑

CON1,...,CONE+ ,REL

P (E,CON1, . . . , CONE+ , REL|Hyp)

=ρ · qE
+

+ ρ̄ · (a · ρ+ a · ρ̄)E
+

=ρ · qE
+

+ ρ̄ · aE
+
.
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For P1 we find

P1(E|Hyp) =
∑

CON1,...,CONE+ ,REL1,...,RELE+

P1(E,CON1, . . . , CONE+ , REL1, . . . , RELE+ |Hyp)

=(q · (ρ+ ρ̄ · a) + (1− q) · ρ̄ · a)E
+

=(q · ρ+ ρ̄ · a)E
+

P1(E|Hyp) =
∑

CON1,...,CONE+ ,REL1,...,RELE+

P1(E,CON1, . . . , CONE+ , REL1, . . . , RELE+ |Hyp)

=(p · (ρ+ ρ̄ · a) + (1− p) · ρ̄ · a)E
+

=(p · ρ+ ρ̄ · a)E
+
.

We find the following expression which is symmetric in p and q.

sign
(
P1(E|Hyp) · P (E|Hyp)− P1(E|Hyp) · P (E|Hyp)

)
= sign

(
(q · ρ+ ρ̄ · a)E

+
· (ρ · pE

+
+ ρ̄ · aE

+
)− (p · ρ+ ρ̄ · a)E

+
· (ρ · qE

+
+ ρ̄ · aE

+
)
)

= sign
(
ρ̄ · aE

+
· [(q · ρ+ ρ̄ · a)E

+
− (p · ρ+ ρ̄ · a)E

+
]

+ (q · ρ+ ρ̄ · a)E
+
· (ρ · pE

+
)− (p · ρ+ ρ̄ · a)E

+
· (ρ · qE

+
)
)

= sign
(
ρ̄ · aE

+
· [
E+∑
f=1

(E+

f

)
ρf · (ρ̄ · a)E

+−f · (qf − pf )]

+ ρ · [
E+−1∑
k=0

(E+

k

)
· ρk · (ρ̄ · a)E

+−k · (qk · pE
+
− pk · qE

+
)]
)
.

To illuminate the situation, we consider special cases. At first we consider the p − q − a-space for
fixed ρ = 0.5:

Proposition 5 For ρ = 1
2

and E+ ≥ 2 the VET fails, if and only if

p · q ≥ a2 .

Proof

sign
(
P1(E|Hyp) · P (E|Hyp)− P1(E|Hyp) · P (E|Hyp)

)
= sign

(
(q + a)E

+
· (pE

+
+ aE

+
)− (p+ a)E

+
· (qE

+
+ aE

+
)
)
.

Letting λ := p
a

and µ := q
a

this simplifies to

sign
(
P1(E|Hyp) · P (E|Hyp)− P1(E|Hyp) · P (E|Hyp)

)
= sign

(( q + a

p+ a

)E+

−
qE

+
+ aE

+

pE+ + aE+

)
= sign

((a · µ+ a

a · λ+ a

)E+

−
(a · µ)E

+
+ aE

+

(a · λ)E+ + aE+

)
= sign

((1 + µ

1 + λ

)E+

−
µE

+
+ 1

λE+ + 1

)
= sign

(
(1 + µ)E

+
· (λE

+
+ 1)− (1 + λ)E

+
· (µE

+
+ 1)

)
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= sign
(

(λE
+

+ 1) · [
E+∑
i=0

(E+

i

)
µi]− (µE

+
+ 1) · [

E+∑
i=0

(E+

i

)
λi]
)

= sign
(
·
E+∑
i=0

(E+

i

)
[(λE

+
+ 1)µi − (µE

+
+ 1) · λi]

)

= sign
(E+∑
i=0

(E+

i

)
· [(µi − λi) + (µ · λ)i · (λE

+−i − µE
+−i)

)

= sign
(E+∑
i=0

(E+

i

)
· [(µi − λi) + (µ · λ)E

+−i · (λi − µi)
)

= sign
(E+∑
i=0

(E+

i

)
· (µi − λi) · (1− (µ · λ)E

+−i)
)
.

For the second to last step we used that
(E+

i

)
=
( E+

E+−i
)
.

Since µi − λi < 0 for all i > 0 and equal to zero for i = 0 and since E+ ≥ 2, this expression is
zero, if and only if 1 = µ · λ which holds, if and only if

p · q = a2 .

If p ·q > a2, then 1− (µ ·λ)i < 0 for i ≥ 1 and hence the polynomial expression is positive, as required.

This generalises the result of [Bovens and Hartmann(2003), p. 102-103] simultaneously to arbitrary
a ∈ (0, 1) and to arbitrary E+ ≥ 2. If p · q < a2, then the VET holds and for p · q = a2 the two
posteriors are equal. Note that since p > q, the VET fails for q > a, since then p · q > a2.

Finally, we turn to the a− ρ-plane. Let us thus fix 0 < q < p < 1 and vary a and ρ. We easily find

Proposition 6 For all 0 < q < p < a < 1 and all 0 < ρ < 1 there exists there exists some N ∈ N such
that for all E+ ≥ N the VET holds.

Proof

sign
(
P1(E|Hyp) · P (E|Hyp)− P1(E|Hyp) · P (E|Hyp)

)
= sign

(
(q · ρ+ ρ̄ · a)E

+
· (ρ · pE

+
+ ρ̄ · aE

+
)− (p · ρ+ ρ̄ · a)E

+
· (ρ · qE

+
+ ρ̄ · aE

+
)
)

= sign
(( q · ρ+ ρ̄ · a

p · ρ+ ρ̄ · a

)E+

−
ρ · qE+

+ ρ̄ · aE+

ρ · pE+ + ρ̄ · aE+

)
.

The first term of this expression, ( q·ρ+ρ̄·a
p·ρ+ρ̄·a

)E+

, is decreasing in E+ with limit zero, since p > q. The

fate of the VET – in the limit – can be determined by the second term, − ρ·q
E+

+ρ̄·aE
+

ρ·pE+
+ρ̄·aE+ .

Let us next observe that

−
ρ · qE+

+ ρ̄ · aE+

ρ · pE+ + ρ̄ · aE+
= −

ρ · qE+

ρ · pE+ + ρ̄ · aE+
−

ρ̄ · aE+

ρ · pE+ + ρ̄ · aE+
.

Clearly, the first summand on the right of the equality symbol converges to zero, q < p.
For the second summand we find

−
ρ̄ · aE+

ρ · pE+ + ρ̄ · aE+
=−

ρ̄

ρ · pE
+

aE
+ + ρ̄

.

If a > p, then the denominator converges to ρ̄. Hence, the entire term converges to −1. This means
that for all 0 < q < p < a < 1 and all 0 < ρ < 1 there exists some N ∈ N such that for all E+ ≥ N
the VET holds.

40



Note that the value of ρ ∈ (0, 1) plays no role in this statement. We can see this in Figure 5 where
for a > p = 0.9 the VET holds. Proposition 6 generalises the region where the VET holds to arbitrary N
and almost all ρ.

It is tempting to conjecture that for a < q, the VET fails, no matter the value of ρ and the value of
q < p < 1. Unfortunately, this has to be left to further analysis.

B Appendix for the Proposed Model

B.1 Formal Analysis

B.1.1 Scenario 1

Proposition 7 For N = 2 positive reports we have

sign
(
P (Hyp|E)− P1(Hyp|E)

)
= sign

(
(ρ(1− ε) + (1− ρ)α)2 · (ρε2 + (1− ρ)γ2)− (ρ(1− ε)2 + (1− ρ)α2) · (ρε+ (1− ρ)γ)2

)
.

Proof As usual, we only need to calculate likelihoods to determine the fate of the VET. We begin by
calculating them separately, using T1, . . . , T4 as abbreviations and b = 1− ρ

P (E|Hyp) =
∑

REL1,...,RELN

p · P (E,REL1, . . . , RELN |Hyp,Con)

+ p̄ · P (E,REL1, . . . , RELN |Hyp,Con)

=
∑

REL1,...,RELN

p
N∏
n=1

P (Repn|Con,RELn) · P (RELn)

+
∑

REL1,...,RELN

p̄

N∏
n=1

P (Repn|Con,RELn) · P (RELn)

=p ·
(

(ρ(1− ε))2 + (bα)2 + ρ(1− ε) · [bα] + bα · [ρ(1− ε)]
)

+ p̄ ·
(

(ρε)2 + (bγ)2 + ρε · [bγ] + bγ · [ρε]
)

= : p · T1 + p̄ · T2

P (E|Hyp) =
∑

REL1,...,RELN

p · P (E,REL1, . . . , RELN |Hyp,Con)

+ p̄ · P (E,REL1, . . . , RELN |Hyp,Con)

=qT1 + q̄T2 .

Let us now investigate P1:

P1(E|Hyp) =p
∑
REL

·P1(REL)

2∏
n=1

P1(Repi|Con,REL)

+ p̄
∑
REL

·P1(REL)

2∏
n=1

P1(Repi|Con,REL)

= : pT3 + p̄T4

=p · (ρ(1− ε)2 + bα2) + p̄ · (ρε2 + bγ2)

P1(E|Hyp) =qT3 + q̄T4 .
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To determine whether the VET holds, we need to determine (see Lemma 1)

sign
(
P (Hyp|E)− P1(Hyp|E)

)
= sign

(
P1(E|Hyp) · P (E|Hyp)− P (E|Hyp) · P1(E|Hyp)

)
.

We find:

sign
(
P (Hyp|E)− P1(Hyp|E)

)
= sign

(
(pT1 + p̄T2) · (qT3 + q̄T4)− (qT1 + q̄T2) · (pT3 + p̄T4)

)
= sign

(
pq̄(T1T4 − T2T3)− p̄q(T2T3 − T1T4)

)
= sign

(
(pq̄ − p̄q)(T1T4 − T2T3)

)
. (19)

Since p > q and hence q̄ > p̄ we have that

sign
(
P (Hyp|E)− P1(Hyp|E)

)
= sign

(
T1T4 − T2T3

)
. (20)

We have

T1T4 − T2T3

=(ρ(1− ε) + (1− ρ)α)2 · (ρε2 + (1− ρ)γ2)− (ρ(1− ε)2 + (1− ρ)α2) · (ρε+ (1− ρ)γ)2 .

We can now apply this result to obtain

Proposition 8 P (Hyp|E)− P1(Hyp|E) = 0, if and only if one of the following conditions holds

γ =
ε

1− ε
· α

γ =
ε

1− ε
·

2ρ(1− α)− 2ρε(2− α) + 2ρε2 + α(1− ε)
(1− ε)(2ρ− 1) + 2α(1− ρ)

.

This indicates that whether varied evidence is more confirmatory than less varied evidence is an intricate
question with no simple general answers. Do note however that the first equation is independent of ρ.

Proof We first check that everything is well-defined, i.e., (1− ε)(2ρ− 1) + 2α(1− ρ) 6= 0. Noting that
ε < 0.5 and that α > 0.5 we find

(1− ε)(2ρ− 1) + 2α(1− ρ) = 2ρ+ ε− 2ρε− 1 + 2α(1− ρ)

> 2ρ+ ε− ρ− 1 + (1− ρ) = ε

> 0 .

The expression T1T4−T2T3 can be understood as polynomial in the variable γ of degree two which
has two parameters, α, ρ, ε. We proceed to find the roots of this polynomial. We guess that

T1T4 − T2T3

=(ρ(1− ε) + (1− ρ)α)2 · (ρε2 + (1− ρ)γ2)− (ρ(1− ε)2 + (1− ρ)α2) · (ρε+ (1− ρ)γ)2 .

has a root for γ = ε
1−ε · α. [This root was found by an educated guess. First, α was set to equal one and

then the p − q-formula was applied. The root for general α was hypothesised to be a simple product of
this root. This turns out to be true.]

After some algebra we obtain a parabola in γ in standard from:

γ2 − γ1 2ε · [ρ(1− ε)2 + α2(1− ρ)]

(1− ε) · [(1− ε)(2ρ− 1) + 2α(1− ρ)]
+ γ0 ε2α · [2ρ(1− ε)2 + α(1− 2ρ)]

(1− ε) · [(1− ε)(2ρ− 1) + 2α(1− ρ)]
.

(21)
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Since the roots of the parabola are equally far away from the axis of symmetry (at γ∗ equal to half the
fraction following γ1 in (21)), we can compute the second root by subtracting αε/(1− ε) from 2γ∗. We
find

2ε · [ρ(1− ε)2 + α2(1− ρ)]

(1− ε) · [(1− ε)(2ρ− 1) + 2α(1− ρ)]
− α

ε

1− ε
·

(1− ε)(2ρ− 1) + 2α(1− ρ)

(1− ε)(2ρ− 1) + 2α(1− ρ)

=
ε

1− ε
·

2ρ(1− ε)2 + 2α2(1− ρ)− α[(1− ε)(2ρ− 1) + 2α(1− ρ)]

(1− ε)(2ρ− 1) + 2α(1− ρ)

=
ε

1− ε
·

2ρ(1− ε)2 − α(1− ε)(2ρ− 1)

(1− ε)(2ρ− 1) + 2α(1− ρ)

=
ε

1− ε
·

2ρ(1− α)− 2ρε(2− α) + 2ρε2 + α(1− ε)
(1− ε)(2ρ− 1) + 2α(1− ρ)

.

For illustrative purposes let us suppose that α = 1. We have the following

Corollary 1 For α = 1: P (Hyp|E) − P1(Hyp|E) = 0, if and only if one of the following conditions
holds

γ =
ε

1− ε

γ =
ε

1− ε
·

1− (2ρ+ 1)ε+ 2ρε2

1 + ε− 2ρε
.

Proposition 9 If ε < 1
2

, then

γ1 :=
ε

1− ε
· α >

ε

1− ε
·

2ρ(1− α)− 2ρε(2− α) + 2ρε2 + α(1− ε)
(1− ε)(2ρ− 1) + 2α(1− ρ)

=: γ2 .

Proof We find

γ1 > γ2

⇐⇒α · [(1− ε)(2ρ− 1) + 2α(1− ρ)] > 2ρ(1− α)− 2ρε(2− α) + 2ρε2 + α(1− ε)

⇐⇒2αρ(1− α) + 2α2 − α+ αε− 2αρε > 2ρ(1− α)− 2ρε(2− α) + 2ρε2 + α(1− ε) .

Since ε < 1/2 we have that 2ρε2 < ρε. It hence suffices to show that

2αρ(1− α) + 2α2 − α+ αε− 2αρε > 2ρ(1− α)− 2ρε(2− α) + ρε+ α(1− ε)

⇐⇒ 4ρε+ 2ρ(1− α)(α− 1) + 2α2 − 2α+ ε(α− ρ+ α) > 0

⇐⇒ 4ρε+ 2ρ(1− α)(α− 1) + 2α(α− 1) + ε(2α− ρ) > 0 .

Recall that α > 1− ε and hence ε > 1− α. And hence

4ρε+ 2ρ(1− α)(α− 1) + 2α(α− 1) + ε(2α− ρ)

> 4ρ(1− α) + 2ρ(1− α)(α− 1) + 2α(α− 1) + (1− α)(2α− ρ)

= 4ρ(1− α) + 2ρ(1− α)(α− 1)− 2α(1− α) + (1− α)(2α− ρ)

= (1− α)[4ρ+ 2αρ− 2ρ− 2α+ 2α− ρ]

= (1− α)[ρ+ 2αρ]

>0 .

We can now determine the status of the VET

Theorem 1 For all p ∈ (0, 1), q ∈ (0, p), ρ ∈ (0, 1), ε ∈ (0, 1
2

), α ∈ (1 − ε, 1) and γ ∈ (ε, 1) the
VET fails, if and only if

0 < γ2 ≤ γ ≤ γ1 < 1 .
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Proof Recall from (20) and (21) that

sign
(
P (Hyp|E)− P1(Hyp|E)

)
= sign

(
T1T4 − T2T3

)
= sign

(
γ2 − γ1 2ε · [ρ(1− ε)2 + α2(1− ρ)]

(1− ε) · [(1− ε)(2ρ− 1) + 2α(1− ρ)]
+ γ0 ε2α · [2ρ(1− ε)2 + α(1− 2ρ)]

(1− ε) · [(1− ε)(2ρ− 1) + 2α(1− ρ)]

)
.

The last term is a parabola which goes to plus infinity as γ goes to±∞ (parabola is open upwards). Hence,
the last term is strictly negative, if and only if γ2 < γ < γ1. The posterior probabilities are equal, if and
only if γ ∈ {γ1, γ2}. The VET holds, if and only if γ /∈ [γ2, γ1].

Let us now consider a larger number of items of evidence, N . To illustrate the fate of the VET, we
shall make the same assumptions as for the ‘two items of evidence case’, ε ∈ (0, 1/2) α ∈ (1− ε, 1).

Proposition 10 For all α, ρ ∈ (0, 1), all ε ∈ (0, α) and all N ≥ 3 positive reports

– The VET fails for γ ≤ ε
1−εα where γ is close to ε

1−ε .
– The VET holds for all γ > ε

1−εα.

Proof From (19) we have

sign
(
P (Hyp|E)− P1(Hyp|E)

)
= T1T4 − T2T3

=(ρ(1− ε) + (1− ρ)α)N · (ρεN + (1− ρ)γN )− (ρ(1− ε)N + (1− ρ)αN ) · (ρε+ (1− ρ)γ)N .

For γ = ε
1−ε · α this becomes

(ρ(1− ε) + (1− ρ)α)N · (ρεN + (1− ρ)
εN

(1− ε)N
· αN )

− (ρ(1− ε)N + (1− ρ)αN ) · (ρε+ (1− ρ)
ε

1− ε
· α)N

=
εN

(1− ε)N
· [(ρ(1− ε) + (1− ρ)α)N · (ρ(1− ε)N + (1− ρ) · αN )

− (ρ(1− ε)N + (1− ρ)αN ) · (ρ(1− ε) + (1− ρ) · α)N ]

= 0 .

For γ 6= ε
1−εα we define ∆ implicitly by γ = ε

1−εα · (1 +∆). We are interested in the area where ∆ is
very close to zero and hence do a Taylor expansion in the following ignoring terms of order∆2 and higher
of

(ρ(1− ε) + (1− ρ)α)N · (ρεN + (1− ρ)
εN

(1− ε)N
αN (1 +∆)N )

− (ρ(1− ε)N + (1− ρ)αN ) · (ρε+ (1− ρ)
ε

1− ε
α(1 +∆))N

=
εN

(1− ε)N
· [(ρ(1− ε) + (1− ρ)α)N · (ρ(1− ε)N + (1− ρ)αN (1 +∆)N )

− (ρ(1− ε)N + (1− ρ)αN ) · (ρ(1− ε) + (1− ρ)α(1 +∆))N ]

=
εN

(1− ε)N
· [(ρ(1− ε) + (1− ρ)α)N · (ρ(1− ε)N + (1− ρ)αN (1 +∆)N )

− (ρ(1− ε)N + (1− ρ)αN ) · (α− ρ(ε+ α− 1) + α∆(1− ρ))N ] .

The constant term, ∆0 is, modulo the leading strictly positive factor

(ρ(1− ε) + (1− ρ)α)N · (ρ(1− ε)N + (1− ρ)αN )− [(ρ(1− ε)N + (1− ρ)αN ) · (α− ρ(ε+ α− 1))N ]

=(α− αρ+ ρ− ρε)N · (ρ(1− ε)N + (1− ρ)αN )− [(α− αρ+ ρ− ρε)N · (ρ(1− ε)N + (1− ρ)αN )]
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=0 .

For the term of order one, ∆1, we find, modulo the leading strictly positive factor:

(ρ(1− ε) + (1− ρ)α)N · (1− ρ)αNN∆− (ρ(1− ε)N + (1− ρ)αN ) · (α− ρ(ε+ α− 1))N−1(1− ρ)αN∆

=(ρ(1− ε) + (1− ρ)α)N−1(1− ρ)αN∆ · [(ρ(1− ε) + (1− ρ)α)αN−1 − ρ(1− ε)N − (1− ρ)αN ]

=(ρ(1− ε) + (1− ρ)α)N−1(1− ρ)αN∆ · [ρ(1− ε)αN−1 − ρ(1− ε)N ]

=(ρ(1− ε) + (1− ρ)α)N−1(1− ρ)αN∆ρ(1− ε) · [αN−1 − (1− ε)N−1] ,

Since α > 1− ε, the sign of this expression is equal to the sign of ∆.
So, for γ > ε

1−εα but close to ε
1−εα (that is ∆ > 0) the VET holds and for γ < ε

1−εα but close to
ε

1−εα (that is ∆ < 0) the VET fails.
For the higher orders of ∆ we find

(ρ(1− ε) + (1− ρ)α)NαN (1− ρ) ·
N∑
k=2

(N
k

)
∆k

−[ρ(1− ε)N + (1− ρ)αN ] ·
N∑
k=2

(N
k

)
(ρ(1− ε) + (1− ρ)α)N−kαk(1− ρ)k∆k

=(1− ρ) ·
N∑
k=2

(N
k

)
∆k(ρ(1− ε) + (1− ρ)α)N−kαk·

[(ρ(1− ε+ (1− ρ)α)kαN−k − (ρ(1− ε)N + (1− ρ)αN )(1− ρ)k−1] .

For ∆ > 0, this strictly positive, if the expression in square brackets is positive. For this expression we
find, since α > 1− ε

(ρ(1− ε) + (1− ρ)α)kαN−k − (ρ(1− ε)N + (1− ρ)αN )(1− ρ)k−1

>(ρ(1− ε) + (1− ρ)α)kαN−k − (ρ(α)N + (1− ρ)αN )(1− ρ)k−1

=αN−k · [(ρ(1− ε) + (1− ρ)α)k − αk(1− ρ)k−1] .

And since 2(1− ε) ≥ 1 ≥ α we have

0 <ρ2(1− ε)2

=ρ2(1− ε)2 + α2ρ(1− ρ)− α2ρ+ α2ρ2

≤ρ2(1− ε)2 + 2ρ(1− ε)(1− ρ)α− α2ρ+ α2ρ2

=ρ2(1− ε)2 + 2ρ(1− ε)(1− ρ)α+ α2 − 2α2ρ+ α2ρ2 − α2 + α2ρ

=(ρ(1− ε) + (1− ρ)α)2 − α2(1− ρ)1

≤(ρ(1− ε) + (1− ρ)α)2 − α2(1− ρ)2(k−1)/k .

Having established that this difference is strictly positive, we can raise the minuend and the subtrahend to
the power k/2 and retain a strictly positive difference. This completes the proof.

Proposition 11 α > 1− ε entails that γ2 < ε.

Proof It suffices to show that

γ2 =
ε

1− ε
·

2ρ(1− α)− 2ρε(2− α) + 2ρε2 + α(1− ε)
(1− ε)(2ρ− 1) + 2α(1− ρ)

< ε .

We find

2ρ(1− α)− 2ρε(2− α) + 2ρε2 + α(1− ε)
(1− ε)2(2ρ− 1) + 2α(1− ρ)(1− ε)
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=
2ρε2 + ε(2αρ− 4ρ− α) + 2ρ− 2ρα+ α

2ρε2 − ε2 + ε(2− 4ρ+ 2αρ− 2α) + 2ρ− 1 + 2α− 2αρ
.

It hence remains to show that

−εα+ α < −ε2 + ε(2− 2α)− 1 + 2α .

This is equivalent to

1 < −ε2 + 2ε+ α(1− ε) .

Since α > 1− ε, this does indeed hold.

B.1.2 Scenario 2

We being by calculating likelihoods for N positive reports:

P1(E|Hyp) = ρ(p(1− ε) + (1− p)ε)N + (1− ρ)(pα+ (1− p)γ)N

P1(E|Hyp) = ρ(q(1− ε) + (1− q)ε)N + (1− ρ)(qα+ (1− q)γ)N

P (E|Hyp) = ρ(p(1− ε) + (1− p)ε) + (1− ρ)(pα+ (1− p)γ)

P (E|Hyp) = ρ(q(1− ε) + (1− q)ε) + (1− ρ)(qα+ (1− q)γ) .

By Lemma 1 we have

sign(P (Hyp|E)− P1(Hyp|E)) = sign
(
P1(E|Hyp) · P (E|Hyp)− P (E|Hyp) · P1(E|Hyp)

)
.

The VET holds, if and only if the sign of this expression is negative. We shall only consider N = 2.
We obtain a polynomial of degree three in the variable γ which we can solve using standard tech-

niques. The coefficients are sorted in powers of α, they hence cannot be simplified. The coefficient for γ3

is

g3 :=(1− ρ)(1− q)2(1− ρ)(1− p)− (1− ρ)(1− p)2(1− ρ)(1− q)

=(1− ρ)2(1− p)(1− q)(p− q) .

The quadratic coefficient is

g2 :=(1− ρ)(1− q)2(ρ(p(1− ε) + (1− p)ε))− (1− ρ)(1− p)2(ρ(q(1− ε) + (1− q)ε))

+ (1− q)2(1− r)2pα− (1− p)2(1− ρ)2qα

+ 2(1− q)qα(1− ρ2)(1− p)− 2(1− p)pα(1− ρ)2(1− q)
=ρ(1− ρ) · [p− q + qp(q − p)− 2pqε(q − p) + ε(q − p)(q + p)]

+ (1− ρ)2α(p− q)(1− pq)

+ 2(1− p)(1− q)α(1− ρ)2(q − p)
=ρ(1− ρ) · [p− q + qp(q − p)− 2pqε(q − p) + ε(q − p)(q + p)]

+ (1− ρ)2α(p− q)(−1− 3pq + 2p+ 2q) .

The linear coefficient is

g1 :=[ρ(q(1− ε) + (1− q)ε)2 + (1− ρ)(qα)2] · (1− ρ)(1− p)
+ 2(1− ρ)qα(1− q) · [ρ(p(1− ε) + (1− p)ε) + (1− ρ)pα]

− [ρ(p(1− ε) + (1− p)ε)2 + (1− ρ)(pα)2] · (1− ρ)(1− q)
− 2(1− ρ)pα(1− p) · [ρ(q(1− ε) + (1− q)ε) + (1− ρ)qα]

=(1− ρ)2α2(q − p)(q + p− qp) + 2(1− ρ)2α2pq(p− q)
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+ [ρ(q(1− ε) + (1− q)ε)2] · (1− ρ)(1− p)
+ 2(1− ρ)qα(1− q) · [ρ(p(1− ε) + (1− p)ε)]

− [ρ(p(1− ε) + (1− p)ε)2] · (1− ρ)(1− q)
− 2(1− ρ)pα(1− p) · [ρ(q(1− ε) + (1− q)ε)]

=α2(1− ρ)2(q − p)(q + p− 3qp)

+ α2ρ(1− ρ)(1− ε)pq(p− q) + α2ρ(1− ρ)ε(1− p)(1− q)(q − p)

− ρ(1− ρ) · [(q − p)(q + p) + 4ε2(q2 − p2) + 2ε(q − p)− 4ε(q − p)(q + p)

− 4ε2(q − p) + pq(p− q) + ε2(q − p) + 4ε2pq(p− q) + 4εpq(q − p)] .

Finally, the constant term is

g0 :=[ρ(q(1− ε) + (1− q)ε)2 + (1− ρ)(qα)2] · [ρ(p(1− ε) + (1− p)ε) + (1− ρ)pα]

− [ρ(p(1− ε) + (1− p)ε)2 + (1− ρ)(pα)2] · [ρ(q(1− ε) + (1− q)ε) + (1− ρ)qα]

=ρ2(q + ε− 2qε) · (p+ ε− 2pε) · [q − p+ 2ε(p− q)]

+ αρ(1− ρ) · [pq(q − p) + 4εpq(p− q) + ε2(p− q) + 4ε2pq(q − p)]

+ α2ρ(1− ρ)[pq(q − p) + ε(p+ q)(q − p) + 2εpq(p− q)] + α3(1− ρ)2pq(q − p) .

We obtain the general formula

sign
(
P (Hyp|E)− P1(Hyp|E)

)
= sign

(
g3γ

3 + g2γ
2 + g1γ1 + g0

)
, (22)

which is utterly intractable.

B.1.3 Scenario 3

Theorem 2 For γ = α · ε
1−ε and all p ∈ (0, 1), q ∈ (0, p), ρ ∈ (0, 1), ε ∈ (0, 1

2
) and all N ≥ 2

P (Hyp|E) = P1(Hyp|E) .

Proof Again, we being by calculating likelihoods for 2 positive reports:

P1(E|Hyp) =
∑

REL1,REL2

∑
CON1,CON2

P (E,REL1, REL2, CON1, CON2|Hyp)

=ρ2(p(1− ε) + (1− p)ε)2 + (1− ρ)2(pα+ (1− p)γ)2

+ 2ρ(1− ρ)(p2(1− ε)α+ p(1− p)αε+ p(1− p)(1− ε)γ + (1− p)2εγ)

P1(E|Hyp) =ρ2(q(1− ε) + (1− q)ε)2 + (1− ρ)2(qα+ (1− q)γ)2

+ 2ρ(1− ρ)(q2(1− ε)α+ q(1− q)αε+ q(1− q)(1− ε)γ + (1− q)2εγ)

P (E|Hyp) =
∑
REL

∑
CON1,CON2

P (E,REL,CON1, CON2|Hyp)

=ρ(p(1− ε) + (1− p)ε)2 + (1− ρ)(pα+ (1− p)γ)2

P (E|Hyp) =ρ(q(1− ε) + (1− q)ε)2 + (1− ρ)(qα+ (1− q)γ)2 .

For general N ≥ 2 we have

P1(E|Hyp) =[ρ(p(1− ε) + (1− p)ε) + (1− ρ)(pα+ (1− p)γ)]N

P1(E|Hyp) =[ρ(q(1− ε) + (1− q)ε) + (1− ρ)(qα+ (1− q)γ)]N

P (E|Hyp) =ρ(p(1− ε) + (1− p)ε)N + (1− ρ)(pα+ (1− p)γ)N

P (E|Hyp) =ρ(q(1− ε) + (1− q)ε)N + (1− ρ)(qα+ (1− q)γ)N .
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By Lemma 1 we have

sign
(
P (Hyp|E)− P1(Hyp|E)

)
= sign

(
P1(E|Hyp) · P (E|Hyp)− P (E|Hyp) · P1(E|Hyp)

)
.

The VET holds, if and only if the sign of this expression is negative.
Again, it is much too long to be tractably solved by us. While much shorter than in Scenario 2, this

polynomial only spans a handful of pages.
Luckily, we can guess a solution.26 The solution is

γ = α
ε

1− ε
.

Plugging this in, we obtain

P1(E|Hyp) =[ρ(p(1− ε) + (1− p)ε) + (1− ρ)(pα+ (1− p)α
ε

1− ε
)]N

=[ρ(p(1− ε) + (1− p)ε) + (1− ρ)
α

(1− ε)
(p(1− ε) + (1− p)ε)]N

=(p(1− ε) + (1− p)ε)N [ρ+ (1− ρ)
α

(1− ε)
]N

P1(E|Hyp) =(q(1− ε) + (1− q)ε)N [ρ+ (1− ρ)
α

(1− ε)
]N

P (E|Hyp) =ρ(p(1− ε) + (1− p)ε)N + (1− ρ)(pα+ (1− p)α
ε

1− ε
))N

=ρ(p(1− ε) + (1− p)ε)N + (1− ρ)
αN

(1− ε)N
(p(1− ε)α+ (1− p)ε))N

=[ρ+ (1− ρ)
αN

(1− ε)N
] · [(p(1− ε) + (1− p)ε)N ]

P (E|Hyp) =[ρ+ (1− ρ)
αN

(1− ε)N
] · [(q(1− ε) + (1− q)ε)N ] .

It follows immediately that for γ = αε/(1− ε)

P (Hyp|E) = P1(Hyp|E) .

B.2 Graphical Exploration of Parameter Spaces

We here present instances of our graphical exploration of parameter spaces for N ≥ 3 reports.

26 The solution was not discovered by pure chance. First, we created a number of plots as described
under Scenario 2. This time, we found parameter values where the VET fails, for N = 2 (see Figure 9).
For these parameter values we plotted the curves in the ε, γ-plane where both posteriors are equal. One
of the curves looked eerily familiar. Verily, upon feeding the critical parameters to Octave, we obtained
γ = −39ε

40ε−40
. As it happened, α = 39/40 we thus rediscovered γ = αε/(1− ε). Jackpot!
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Fig. 17: Scenario 1: The γ − ε-plane for varying ρ, α and fixed
p = 0.9,q = 0.5,N = 5. Yellow indicates the area of VET failure. Within a
column ρ varies: top ρ = 0.25, middle ρ = 0.5, bottom ρ = 0.75. Within a row α
varies: left α = 0.975, middle α = 0.985, right α = 0.995.

Fig. 18: Scenario 1: The γ − ε-plane for varying ρ, α and fixed
p = 0.9,q = 0.5,N = 50. Yellow indicates the area of VET failure. Within a
column ρ varies: top ρ = 0.25, middle ρ = 0.5, bottom ρ = 0.75. Within a row α
varies: left α = 0.975, middle α = 0.985, right α = 0.995.
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Fig. 19: Scenario 2: The γ − ε-plane for varying ρ, α,N and fixed
p = 0.9,q = 0.5. Yellow indicates the area of VET failure. In the top 3x3 set
N = 2, in the bottom set N = 10. Within a column of a set ρ varies: top ρ = 0.25,
middle ρ = 0.5, bottom ρ = 0.75. Within a row α varies: left α = 0.975, middle
α = 0.985, right α = 0.995.
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Fig. 20: Scenario 3: The γ − ε-plane for varying ρ, α and fixed
p = 0.8,q = 0.5,N = 5. Yellow indicates the area of VET failure. Within a
column of a set ρ varies: top ρ = 0.25, middle ρ = 0.5, bottom ρ = 0.75. Within a
row α varies: left α = 0.975, middle α = 0.985, right α = 0.995.

Fig. 21: Scenario 3: The γ − ε-plane for varying ρ, α and fixed
p = 1,q = 0.75,N = 50. Yellow indicates the area of VET failure. Within a
column of a set ρ varies: top ρ = 0.25, middle ρ = 0.5, bottom ρ = 0.75. Within a
row α varies: left α = 0.975, middle α = 0.985, right α = 0.995.
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