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1. Before the 20th century
2. Subjective probability in the 20th century
3. Game‐theoretic subjective probability
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Part 1. Before the 20th century
•
•
•

From expectation to probability
Probability’s time scale
The emergence of objectivity

Part 2. Subjective probability in the 20th century
•
•
•

Betting definitions: Bertrand, Borel, and de Finetti
Abstract for preference vs. operationalization
Conditional probability

Part 3. Game‐theoretic subjective probability
•
•

Cournotian belief
Continuing to believe
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Part 1. Before the 20th century
From expectation to probability
Expectation in 17th century, probability in 18th century

Probability’s time scale
De Moivre in 1738:
P(A&B) = P(A) x (probability of B after A has happened)
Ordering of events fundamental until late 19th century.

The emergence of objectivity probability
Happened in the 1840s.
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Part 1. Before 20th century

17th Century Game with explicit time (Pascal, Huygens)
Expectation instead of probability
18th Century Probability emerges (Bernoulli)
Rule of compound probability with explicit time (De Moivre)
First attempts to reverse time (Bayes, Laplace)
19th Century Probability now more basic than expectation
Subjective/objective distinction
Emphasis on time series in statistical work
20th Century Statistics without time (Pearson, Fisher)
Probability without time (Kolmogorov, but filtrations in Doob)
Subjective theory without time (De Finetti, Walley)
21st Century

Let’s bring back game, expectation, explicit time.
Subjective/objective distinction fuzzy
Conditional probability questioned
Probability judgement constructive and diverse
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Part 1. Before 20th century

18th century probability
17th century
Pascal and Huygens studied values of expectations, not probability.
Probability
Became important in Jakob Bernoulli’s Ars Conjectandi, 1713.
Probability of one event after another has happened
De Moivre’s Doctrine of Chances, 2nd edition, 1738
Probability of one event after we find out a later event has happened
Bayes’ posthumous essay (1763)
Probabilities of causes
Laplace (1774) called the unknown earlier event a cause.
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Part 1. Before 20th century

Evolving role of time
17th and 18th centuries: Time fundamental. From Pascal to Laplace,
probability theory was concerned with events ordered in time.
19th century: Statistical series (now called time series) everywhere.
Turn of century: Pearson and Fisher. Random samples replace time series.
1930s: No time in Kolmogorov’s axioms. No time scale in measure theory
and functional analysis.
1940s: Time brought back by Doob. Filtration now central to abstract
probability.
21st century: Time fundamental in game‐theoretic probability. We can do
mathematics with local upper expectations (Markov’s inequality, for
example), but real action is in the sequential game.
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Part 1. Before 20th century

French protestant refugee in England.
Friend of Isaac Newton.
David R. Bellhouse, Abraham De Moivre: Setting the Stage for
Classical Probability and Its Applications, 2011.

Abraham De Moivre
1667‐1754
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1
B
not B
A

0

not A

0
B
not B
0
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Part 1. Before 20th century

For De Moivre’s own words, see appendix.
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Part 1. Before 20th century

Probability of an event after we find out a later event has
happened. New idea in Bayes’ posthumous essay (1763).
Probabilities of causes. Laplace (1774) called earlier
events causes.

Thomas Bayes
1702‐1761

Pierre Simon
Marquis de Laplace
1749‐1827
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Part 1. Before 20th century

Bayes’ attempt to reverse time
Two propositions in posthumous essay
Corollary to Proposition 3: …if of two subsequent events the probability
of the 1st be a/N and the probability of both together be P/N, then the
probability of the 2nd on supposition that the 1st happens is P/a.
Proposition 5: If there be two subsequent events, the probability of the
2nd b/N and the probability of both together P/N, and it being first
discovered that the 2nd event has happened, from hence I guess that
the 1st event has also happened, the probability I am in the right is P/b.

• Proposition 3 and its corollary follow De Moivre’s principles.
• Proposition 5 is fallacious.
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Part 1. Before 20th century

Bayes fallaciously derived his Proposition 5
from the following correct proposition.

Most commentary on Bayes concerns
his argument for a uniform prior.

My criticism of Proposition 5 discussed
only by Andrew Dale (History of Inverse
Probability, 2nd edition, 1999).

Little attention paid to his faulty
Proposition 5.

Bayes’ two arguments for the rule of conditioning, by Glenn Shafer,
Annals of Statistics 10(4):1075‐1089, 1982
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Part 1. Before 20th century

Conditional probability puzzles
The fallacy of Bayes’ fifth proposition was brought out in the late 19th century
by puzzles popularized by Joseph Bertrand in France and William Allen
Whitworth in Britain.
These puzzles show that in order to take new information B into account by
conditional probability, you need more than a model that includes B as an
event. You need a model that includes “I learn B in this way” as an event.
In other words, you need a different game, with a game tree, in which “I learn
B in this way” is a node.
The Bayesian picture in which you can condition on learning any subset of the
sample space is illusory. Trying to make sense of it produces an infinite
regress.

Maya Bar‐Hillel and Ruma Falk, Some teasers concerning conditional probabilities, Cognition 11:109‐122, 1982.
Glenn Shafer, Conditional probability (with discussion), International Statistical Review 53 261‐277. 1985.
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Part 1. Before 20th century

Whitehead’s 1938 puzzle of the two aces

Why should my identifying a suit
change your probability?
You do not know why I gave you the
information.
You need a larger model that includes
probabilities for my behavior.

John E. Freund, Puzzle or paradox, American Statistician 19(4):29‐44, 1965.
N. T. Gridgeman, Letter to the editor, American Statistician 21(3):38, 1967.
Glenn Shafer, A subjective interpretation of conditional probability. Journal of Philosophical Logic 12 453‐466. 1983
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Part 1. Before 20th century

Laplace called earlier events causes.
Laplace’s principle, stated without
argument:
After an event B has happened, the
probabilities for its possible causes
should be proportional to the
probabilities they give to B.
Stigler concludes that the principle
began as a mathematical blunder.

The blunder (simplified):
• You measure  with error e:
y =  + e or e = y ‐ 
• B is the result of the measurement,
say B = {y=5}.
• The possible values of  are the
possible causes.
• Now your probabilities for e become
probabilities for 5 ‐  and hence
probabilities for .

Essentially the same “continuing to believe” as we find in R. A. Fisher’s fiducial argument.

Stigler, History of Statistics, 1986, Chapter 3
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Part 1. Before 20th century

1840: Probabilities become objective and subjective.
Six authors introduced the distinction between 1837 and 1842:
1. Simeon‐Denis Poisson, 1781‐1840, French mathematician
2. Bernard Bolzano, 1781‐1848, Bohemian cleric and mathematician
3. Robert Leslie Ellis, 1817‐1859, British mathematician
4. Jakob Friedrich Fries, 1773‐1843, German Kantian philosopher
5. John Stuart Mill, 1806‐1873, British philosopher
6. Antoine Augustin Cournot, 1801‐1877, French mathematician

How probabilities came to be objective and subjective, Lorraine Daston,
Historia Mathematica 21:330‐344, 1994.
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Part 2. 20th century subjective probability
• Betting definitions: Bertrand, Borel, and de Finetti
• Axioms for preference vs. operationalization
• The rule of conditional probability

Joseph Bertrand
1822‐1900
France

Emile Borel
1871‐1956
France

Bruno de Finetti
1906‐1985
Italy

Peter Walley
Born 1953
Australia
Ph.D., Cornell, 1979
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Part 2. 20th century subjective probability

Bruno de Finetti
Most influential 20th century
advocate of subjective probability

He considered subjective
probability sufficient for
all probabilistic and
statistical reasoning.

This lecture considers only
1. his definition of subjective
probability,
2. his argument for the rule
of conditioning.
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Part 2. 20th century subjective probability

“You have subjective probability p for A”
What does it mean?
Bertrand 1889
You would trade the
consequences of A for the
same consequences of an
event with objective
probability p.

Borel 1924
Choose one:
• I give you 100 francs if A
happens.
• I give you 100 francs if an
event with objective
probability 1/3 happens.

Caveat: If this assimilation is Caveats: Imprecise in
impossible, don’t do it.
exceptional cases.
More importantly, in a game
(e.g., poker, election) your
bet might affect the outcome.

De Finetti 1931
Choose p such that you are
willing to offer odds p:(1-p)
on A to all comers.

Elaboration: You should
order events from less to
more probable. Axioms on
the ordering justify the rules
of probability. The betting
scheme is an imperfect
operationalization.

De Finetti cited Bertrand. He probably had not read Borel’s comments.
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Part 2. 20th century subjective probability

De Finetti’s reservations about betting
1931

1960s

Some people dislike
betting; others are
attracted.

People taking bets often have private
information.

The betting scheme is
only an imperfect
“operationalization”.

“Another shortcoming of the
definition—or of the device for
making it operational—is the
possibility that people accepting bets
against our individual have better
information than he has (or know the
outcome of the event considered).
This would bring us to game‐theoretic
situations.”
Note added to translation from the French
(in Kyburg and Smokler 1964) of 1937 French article
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Part 2. 20th century subjective probability
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Part 2. 20th century subjective probability

In the 1970s and 1980s, several authors weakened de
Finetti’s betting picture to obtain upper and lower
probabilities.
The most influential was Peter Walley, a student of Terry
Fine at the Cornell University.
Walley coined the term “imprecise probability”. See
www.sipta.org.
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Part 2. 20th century subjective probability

De Finetti
Betting is operationalization, not definition, of subjective probability.
• YOU are not really required to offer bets to all comers.
• But YOU should order all random and certain gains in preference.

Walley
Relied more on betting, because it helped him explain imprecision.
• In some cases, YOU are not prepared or disposed to take either side
of a bet.
• In other case cases YOU are prepared or disposed to take one side.
• Paying the amount a for the uncertain gain X may be acceptable.
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Part 2. 20th century subjective probability
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Part 2. 20th century subjective probability

Imprecise‐probability theory (Walley) emphasizes lower.
Game‐theoretic probability emphasizes upper.
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Part 2. 20th century subjective probability

Brier score

• Does it make good sense to speak of ‘good probability appraisers’? In I.J. Good (ed.) The scientist speculates: An anthology of partly‐
baked ideas, 1962. Reprinted as Chapter 3 of de Finetti’s Probability, Induction, and Statistics: The art of guessing, Wiley, 1972.
• Forecasting with Imprecise Probabilities, by Teddy Seidenfeld Mark J. Schervish Joseph B. Kadane, International Journal of
26
Approximate Reasoning 53(8):1248‐1261, 2012.

Part 2. 20th century subjective probability

20th century invention of conditional probability
18th century
• No conditional probability.
• Probability relative to knowledge, not to
an event.
19th century
• Lacroix (1816): relative probability
(players ignore some outcomes)
• Bayes’ fallacious proof
(still no general definition or notation)
20th century
• In 1901, Hausdorff defines conditional
probability; introduces notation pF(E).
• This becomes WF(E) in Czuber’s
influential text.
• Still used by Kolmogorov in 1933.

Silvestre François Lacroix
1765‐1843
French mathematician

Felix Hausdorff
1868‐1942
German mathematician
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Part 2. 20th century subjective probability

Definition vs. rule
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Part 2. 20th century subjective probability

Inventing notation for conditional probability
Independent inventions

The winner

•
•
•
•

• Jeffreys 1931

Peirce
MacColl
Markov
Hausdorff

Hugh MacColl
1837‐1909
Scottish logician

1867
1880
1900
1901

ba
xa
(B,A)
pF(E)

Charles Sanders Peirce
1839‐1914
American pragmatist

Andrei Markov
1856‐1922
Russian mathematician

P(p|q)

Harold Jeffreys
1891‐1989
British scientist
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Part 3. Game‐theoretic subjective probability

De Finetti’s contingent bet (1930s)
De Finetti defined
conditional probability
in scheme where you
offer bets to all comers.
No assumption
concerning order in
which H and E happen
or become known.

At outset, before H or E are known, you
announce prices at which you will buy
or sell to all comers any amounts of
three tickets:
Ticket 1. Pays $1 if H happens.
Price: P(H).
Ticket 2. Pays $1 if H&E happens.
Price: P(H&E).
Ticket 3 . Pays $1 if E happens, but
purchase called off if H fails.
Price: P(E|H).
To avoid sure loss, you must satisfy
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Part 3. Game‐theoretic subjective probability

De Finetti on avoiding sure loss
Ticket 1. Pays $1 if H happens.
Price: P(H).
Ticket 2. Pays $1 if H&E happens.
Price: P(H&E).
Ticket 3 . Pays $1 if E happens, but
purchase called off if H fails.
Price: P(E|H).
To avoid sure loss, you must satisfy

Theorem Opponent can replicate
Ticket 3 from Tickets 1 and 2 at cost
$P(H&E)/P(H). His strategy:
• Buy one unit of Ticket 2.
• Sell P(H&E)/P(H) units of Ticket 1.
Proof Initial net cost is zero.
Payoffs:
• If H fails, none. (=bet called off)
• If H happens, opponent pays
$P(H&E)/P(H) on Ticket 1.
(=cost of bet)
• If E also happens, the payment
$P(H&E)/P(H) is compensated by
the $1 from ticket 2.
(=payoff minus cost of bet)
31

Part 3. Game‐theoretic subjective probability

De Finetti on avoiding sure loss
Theorem Opponent can replicate
contingent payoff of Ticket 3 at cost
$P(H&E)/P(H). His strategy:
• Buy one unit of Ticket 2.
• Sell P(H&E)/P(H) units of Ticket 1.
Proof Initial net cost is zero.
Payoffs:
• If H fails, none. (=bet called off)
• If H happens, opponent pays
$P(H&E)/P(H) on Ticket 1.
(=cost of bet)
• If E also happens, the payment
$P(H&E)/P(H) is compensated by
the $1 from ticket 2.
(=payoff minus cost of bet)

The arbritrage argument
Since the opponent can replicate the
contingent bet from your other offers
at cost $P(H&E)/P(H), he can make
money for sure if you offer it at a
different price. He buys from you at
the lower price and sells to you at
the higher price.

Argument may fail when you
generalize to upper and lower
(imprecise) probabilities.
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Part 3. Game‐theoretic subjective probability

De Finetti on learning nothing else
Contingent bet. In the 1930s, he
defined P(E|H) as the price of E if the
purchase is to be called off if H fails.

What can it mean to learn H and
nothing else?

Learning nothing else. In 1974, he
wrote:

Can a human being ever learn a
previously specified proposition H
and nothing else?

…we shall write P(E|H) for …the
probability that You attribute to E if
You think that in addition to your
present information…it will become
known to You that H is true (and
nothing else).

I will propose a Cournotian
interpretation of nothing else.
It means nothing else that can help
us beat the stated odds.

What connects these two ideas?
De Finetti, Theory of Probability, Volume 1, page 134.
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Part 3. Game‐theoretic subjective probability

Can you learn H and nothing else?
1. No, because you are also learning that someone told you H.
2. Had you known in advance when and how you would learn
H or Hc, it might be reasonable to say that you learned H and
nothing else.
3. Even if you didn’t know in advance how you would learn H
or Hc, you might learn H and nothing else that is relevant.
4. Relevant to what? Relevant to your gambling decisions.

Game‐theoretic probability will allow us to make this
discussion more precise.
34

Part 3. Game‐theoretic subjective probability
• Cournotian belief
• Continuing to believe
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Part 3. Game‐theoretic subjective probability

Cournotian belief
The game-theoretic Cournot principle: Assume a battery B of strategies
for Skeptic. The meaning of the forecasts is that no strategy in B will
multiply the capital it risks by large factor.
Objective interpretation: This is a hypothesis to test.
Subjective interpretation:
• I believe this hypothesis.
• I will use it as a guide to conduct so long as I get no relevant new
information.
Believing P{rain tomorrow}=0.75 means acting as if it is a betting offer in
a sequence of such offers against which no strategy in B will multiply the
capital I risk by a large factor.
I abbreviate this by saying that I cannot beat the 75% probability.
36

Part 3. Game‐theoretic subjective probability

None of my strategies will multiply the
capital I risk by a large factor.
Subjectivist interpretation: I believe this
hypothesis.

Ordinary belief in an
unqualified claim

I will use it as a guide to conduct in this
instance and in other instances in the
sequence in which I have placed it.

Neither absolute certitude
nor “partial” belief

The belief is frequentist,
inasmuch as it functions a
part of a larger policy.
37

Part 3. Game‐theoretic subjective probability

None of my strategies will multiply the
capital I risk by a large factor.
Subjectivist interpretation: I believe
this hypothesis.
I will use it as a guide to conduct in this
instance and in other instances in the
sequence in which I have placed it.

The believer may be inside or outside the game.
• Forecaster: I defy Skeptic to beat my odds.
• Skeptic: I do not believe I can beat these odds.
• Outsider: I believe the theory that gives the odds.
I have confidence in the forecaster.
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John Venn
…we are very seldom called upon to decide and
act upon a single contingency which cannot be
viewed as being one of a series. Experience
introduces us, it must be remembered, not merely
to a succession of events neatly arranged in a
single series (as we have hitherto assumed them
to be for the purpose of illustration), but to an
infinite number belonging to a vast variety of
different series. A man is obliged to be acting, and
therefore exercising his belief about one thing or
another, almost the whole of everyday of his life.
Any one person will have to decide in his time
about a multitude of events, each one of which
may never recur again within his own experience.
But by the very fact of there being a multitude,
though they are all of different kinds, we shall still
find that order is maintained, and so a course of
conduct can be justified. …

1834‐1923

… By the existence, therefore, of these cross‐
series, as we may term them, there is an immense
addition to the number of actions which may offer
successive opportunities of equalizing gains and
losses. …
… the different amounts of belief which we
entertain upon different events, and which are
recognized by various phrases in common use,
have undoubtedly some meaning. But the greater
part of their meaning, and certainly their only
justification, are to be sought in the series of
corresponding events to which they belong; in
regard to which it may be shown that far more
events are capable of being referred to a series
than might be supposed at first sight.
Logic of Chance, 3rd edition, 1888, pp. 147‐148, 150
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Frank Plumpton Ramsey

Frank Plumpton Ramsey (1926)
…Suppose his degree of belief in p is
m/n; then his action is such as he would
choose it to be if he had to repeat it
exactly n times, in m of which p was
true, and in the others false…

1903‐1930

…The pretensions of some exponents of
the frequency theory that partial belief
means full belief in a frequency
proposition cannot be sustained. But we
found that the very idea of partial belief
involves reference to a hypothetical or
ideal frequency.
Kyburg and Smokler, 1964, pp. 75, 84‐85
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Jerzy Neyman
Elements of his philosophy
1. Ernst Mach and Karl Pearson:
Scientific theories are no more than
models of natural phenomena,
frequently inadequate but still useful
for limited purposes.

3. Inductive behavior: act of will or
decision to take a particular action,
perhaps to assume a particular
attitude towards the various sets of
hypotheses.

2. Consider several possible sets of
hypotheses regarding the chance
mechanism that might have
produced the phenomena.

“…act as if I were assured that a given
stochastic model M adequately
represents a certain class of
phenomena…”

Points 1 and 2 remain pervasive in mathematical statistics.
Neither Neyman nor his successors were as persistent with point 3.
• “Inductive behavior” as a basic concept of philosophy of science, Review of the International Institute of Statistics, 25(1/3):7‐22, 1957.
• Neyman’s statistical philosophy, by E. L. Lehmann, Probability and Mathematical Statistics 15:29‐36, 1995.
• Inductive inference or inductive behavior: Fisher and Neyman‐Pearson approaches to statistical testing in psychological research
41
(1940‐1960), by Peter F. Halpin and Henderikus J. Stam, The American Journal of Psychology 119(4):625‐653, 2006.

Part 3. Game‐theoretic subjective probability

Jerzy Neyman
First use of “inductive behavior” (1938)
…Mais se décider à « affirmer » ne veut
pas dire « savoir » ni même « croire ».
C’est un acte de volonté précédé par
quelques expériences et quelques
raisonnements déductifs, tout à fait
comme de s’assurer sur la vie, que l’on
fait, même si l’on espère vivre
longtemps. Par conséquent il me semble
que le terme « raisonnement inductif »
ne correspond pas à la nature du
procédé qui commence par les postulats,
concernant la nature des variables dont

on peut observer les valeurs, et finit par
une affirmation comme (90). Plus
généralement je doute qu’il existe des
cas où l ’application de ce terme à une
méthode statistique soit plus justifiée
que dans le cas présent. Si l’on veut un
terme spécial pour décrire ces méthodes
et en particulier pour décrire la décision
d’affirmer que les inégalités (90)
subsistent; on pourrait peut‐être
proposer « comportement inductif ».

L’estimation statistique traitée comme un problème classique de probabilité, Colloque consacré à la théorie des probabilités, Genève,
1938. (Proceedings of conference held in Geneva in 1937)
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De Finetti’s refutation
Bruno de Finetti (1970)
…The subjectivist, who knows how
much caution is necessary in order
to remain within the bounds of
realism, will exercise great care in
not going far beyond the
consideration of cases immediately
at hand and directly interesting. The
objectivist, who substitutes the
abstraction of schematized models
for the changing and transient
reality, cannot resist the opposite
temptation. Instead of engaging
himself, even though in a

probabilistic sense (the only one
which is valid), in saying something
about the specific case of interest,
he prefers to ‘race on ahead’,
occupying himself with the
asymptotic problems of a large
number of cases, or even playing
around with illusory problems,
contemplating infinite cases where
he can try, without any risk, to pass
off his results as ‘certain predictions’.
1974, p. 9
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Game‐theoretic conditional probability
Forward‐looking conditional probability
basic

Backward‐looking conditional
probability not basic

Successive events are built into
sequential probability games.

Conditioning to obtain probabilities for
earlier events requires assumptions or
judgements going beyond the game.

The probability of B after an earlier
event A is the probability Forecaster
gives for B after A.

Backward‐looking conditional probability
• came after De Moivre,
• often shaky,
• requires an additional Cournotian assumption.
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Probability forecasting game
The game has four possible
outcomes: 11,10,01,00.
All 16 subsets of the outcome
space {11,10,01,00} are
events.
Game tree for two rounds
{11}

A strategy for Forecaster gives
probabilities conditional on 7
different events: the 7 nodes
in the tree.

{10}

In 1985, I called these exact
events.

{11,10}
{11,10,
01,00}

{01}
{11,10}
{00}

Conditioning on other events
requires assumptions or
judgements going beyond the
game.

Glenn Shafer, Conditional probability (with discussion), International Statistical Review 53 261‐277. 1985.
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Game‐theoretic analysis

Part 3. Game‐theoretic subjective probability

De Finetti: P(E|H) =price of E if purchase is called off if H does not occur.

Simplify:
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Game‐theoretic analysis

Part 3. Game‐theoretic subjective probability

De Finetti: P(E|H) =price of E if purchase is called off if H does not occur.

Forecaster and
Skeptic make the
contingent bet in
advance.
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Game-theoretic analysis

Part 3. Game‐theoretic subjective probability

P(E|H) =price of E if purchase is called off if H does not occur.
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Spelling out the two arguments
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Conclusion
The game-theoretic Cournot principle gives an argument for the rule of
conditioning that is slightly more robust than de Finetti’s arbitrage
argument.
It tells us that if the unconditional probabilities were unbeatable, than the
conditional probability P(E|H) is unbeatable as a probability for E after H
is known provided that
• we knew in advance that we would learn H or an alternative to H and
nothing else.
• we did learn H and nothing else.
In contrast to the arbitrage argument, this argument does not require that
Forecaster agree in advance that his probability for E after H is known
will be P(E|H).
Moreover, the game-theoretic picture gives a reasonable meaning to
“learning H and nothing else”.
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Already in 1931, de Finetti
defined conditional probability (la
probabilità subordinate) as the
probability that an event occurs
when another event is expected to
occur (probabilità che un evento si
verifichi quando un altro evento si
supponga verificato).

He added that this concept is far
more delicate than ordinarily
judged (assai più delicate che non le
si giudichi ordinariamente).

The delicacy lies in deciding that
we have no other new evidence. In
other words, do we continue to
believe that certain betting rates
are reasonable ‐‐i.e., unbeatable in
the Cournotian sense.

This is usually a judgement that
we can make only after the other
event has occurred.

Sul significato soggettivo della probabilità. Fundamenta Mathematicae XVII:298‐329, 1931. Translated into English by Mara
Khale and Antonella Ansani in Probabilità e induzione; Induction and Probability, by Bruno de Finetti, Bologna (Biblioteca di
STATISTICA), 1993.
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Caveat
The game-theoretic argument is only slightly more robust than the
arbitrage argument because it still requires that we know in advance that
we will learn H or an alternative to H and nothing else.
In most cases, we do not know in advance what new evidence we may
obtain.
So in practice, Bayesian analysis of evidence involves an additional
judgement: the judgement that the actual evidence has the same strength
and significance as it would have had we known in advance that we
would obtain it or its negation.
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Appendix 1
Passages from De Moivre’s The Doctrine of
Chances, 2nd edition, 1738.
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Appendix 1. De Moivre

De Moivre’s The Doctrine of Chances, 2nd edition, 1738
On pp. 5‐6, he considers the independent case.

Example: First event has 3 chances in 5. Second has 4 chances in 9. Prize = 90 pounds.

THIS IS PASCAL’S ARGUMENT
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Appendix 1. De Moivre

De Moivre’s The Doctrine of Chances, 2nd edition, 1738
On pp. 6‐7, he generalizes to the dependent case.
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Appendix 1. De Moivre

De Moivre’s treatment of the dependent case continued
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Appendix 1. De Moivre

De Moivre’s treatment of the dependent case concluded

By example, he is showing that his argument for the independent case
applies, appropriately modified, to the dependent case.
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Appendix 2
Betting definitions of betting from Bertrand,
Borel and de Finetti.
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Appendix 2. Betting definitions

Joseph Bertrand on subjective probability, 1889
The probability of an event,
whatever its nature, is said to be equal
to a given fraction p when the person
anticipating the event is indifferent to
trading the fears or hopes, the
advantages or disadvantages attached
to the event’s happening for
consequences assumed to be identical
depending on the draw of a ball from
an urn whose composition would
produce a probability equal to p.
How, in cases like those just cited,
justify such an assimilation? This is
not the question at the moment. If

the assimilation is impossible, we will
not make it. If we make it, it should
be justified.
French original:
La probabilité d’un événement, quelle qu’en soit la
nature, est dite égale à une fraction donnée p, lorsque celui qui
attend l’événement pourrait échanger indifféremment les
craintes ou les espérances, les avantages ou les inconvénients
attachés à l’arrivée de cet événement contre les conséquences
supposées identiques de la sortie d’une boule puisée dans une
urne dont la composition fait naître une probabilité égale à p.
Comment, dans des cas tel que ceux qu’on a cités,
justifier une telle assimilation? Ce n’est pas en ce moment la
question. Si l’assimilation est impossible, on ne le fera pas. Si
on la fait, il faudra la justifier.
(Joseph Bertrand, Calcul des probabilités, Gauthier‐Villars, Paris,
1889, page 27)
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Emile Borel on subjective probability, 1924
…Paul says it will rain tomorrow;
assuming we agree on the precise
meaning of this statement, I offer
him the choice between getting 100
francs if he proves to be correct or
receiving 100 francs if he gets a 5 or
6 throwing a die. In the second
case, the probability he gets 100
francs is equal to one‐third. So if he
prefers to receive 100 francs in the
case where his meteorological
prediction is correct, then he
attributes to the prediction a
probability of more than one‐third.
The same method applies to any
verifiable judgement and allows us

to evaluate probabilities numerically
with a precision entirely comparable
to the precision with which one
evaluates prices.
French original:
…Paul affirme qu'il pleuvra demain; j'admets que nous
sommes d'accord sur le sens précis de cette affirmation et je
lui offre, à son choix, de recevoir 100 francs si son
affirmation se trouve juste, ou de recevoir 100 francs, s'il
amène d'un coup de dés le point 5 ou le point 6. Dans ce
deuxième cas, la probabilité qu'il a de recevoir 100 francs est
égale à un tiers; si donc il préfère recevoir 100 francs au cas
où sa prédiction météorologique est exacte, c'est qu'il
attribue à cette prédiction une probabilité supérieure à un
tiers l. La même méthode s'applique à tous les jugements
vérifiables et permet d'évaluer numériquement les
probabilités avec une précision tout à fait comparable à la
précision avec laquelle on évalue les prix.
Pages 332‐333, Emile Borel, A propos d'un traité de
probabilités, Revue Philosophique de la France et de
l'Étranger 98:321‐336, 1924. Republished as Note II of
Valeur pratique et philosophie des probabilities, 1939.
Translated in Kyburg and Smokler 1964.
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Emile Borel on probability in games, 1924
II est cependant un cas assez important dans lequel l'évaluation
numérique des probabilités présente des difficultés spéciales, mais il
ne m'a pas semblé que M. Keynes ait donné à ce cas, auquel on
pourrait essayer de rattacher certains des exemples qu'il signale,
l'importance spéciale qu'il me paraît avoir. Ce cas est celui où
l'événement dont la réalisation est en jeu n'est pas actuellement
déterminée t peut dépendre des jugements même dont on cherche à
définir la probabilité. Il y a là un phénomène assez analogue aux
paradoxes auxquels conduisent, dans la théorie des ensembles, les
définitions que Poincaré a appelées non‐prédicatives.
Prenons un exemple simple. Il s'agit de parier sur le résultat d'une
élection, comme cela se pratique couramment dans certains pays. Il
est clair qu'il peut se produire des réactions multiples: d'une part, les
partisans de tel candidat cherchent à augmenter ses chances en
pariant ouvertement de grosses sommes sur lui; d'autre part certains
électeurs peuvent être influencés par le désir de voter pour le candidat
qui, suivant leur jugement, sera élu; certains parieurs, qui sont en
même temps électeurs, peuvent avoir leur vote influencé par leur
désir du gain; telle candidature nouvelle peut même surgir, si les paris
sont importants, pour favoriser telle combinaison, etc. Dans ces
conditions, doit‐on admettre que la probabilité du jugement porté par
un parieur a une valeur numérique déterminée?
Le problème peut être mis sous une forme plus simple et
cependant assez complexe pour conserver toute sa difficulté, par la
considération d'un jeu comme le poker, où chacun des joueurs parie
sur son propre jeu contre le jeu de l'adversaire. Si l'adversaire propose
un gros pari, cela tend à faire croire qu'il a très beau jeu, à moins qu'il
ne bluffe; par conséquent, le fait même que le pari est proposé
modifie la probabilité du jugement sur lequel porte ce pari.

L'étude approfondie de certains jeux conduira peut‐être à créer un
nouveau chapitre de la théorie des probabilités, théorie dont les
origines remontent à des études sur les jeux de hasard les plus
simples; ce sera une science nouvelle, où la psychologie ne sera pas
moins utile que les mathématiques; mais ce chapitre nouveau
s'ajoutera aux théories antérieures sans les modifier. La théorie de la
valeur et la loi de l'offre et de la demande ne sont pas modifiées par
un fait tel que le suivant : je ne sais pas distinguer les diamants vrais et
faux et je désire cependant acheter aujourd'hui même des bijoux; dans
la devanture d'un magasin d'honnête apparence, je remarque un bijou
marqué 500 francs et je décide ne pas l'acheter parce que je le
présume faux et le prix me paraît relativement trop élevé; j'entre
cependant dans le magasin, et le bijoutier m'offre, après quelques
instants, le bijou que j'avais remarqué; je m'aperçois alors qu'il est en
réalité marqué 5 000 francs; j'en conclus que les pierres sont vraies et
je me décide à l'acheter. Voilà donc un même objet que, par suite de
mon ignorance, j'évalue à la fois moins de 500 francs et plus de 5 000
francs. C'est mon ignorance seule qui est responsable et non les
théories d'après lesquelles les bijoux vrais ou faux ont une valeur
déterminée avec une assez grande précision; ces théories sont, au
contraire, vérifiées par l'expérience la plus usuelle. Il en est de même
des théories basées sur l'attribution d'une valeur numérique aux
probabilités; l'expérience les vérifie dans des cas extrêmement
nombreux et ce n'est pas un argument sérieux contre elles que de citer
des cas exceptionnels où elles sont en défaut. Si ces cas exceptionnels
sont assez nombreux pour en valoir la peine, c'est une théorie nouvelle
qui devra être constituée pour eux, à côté de la théorie classique.
Pages 334‐335, Emile Borel, A propos d'un traité de probabilités, Revue
Philosophique de la France et de l'Étranger 98:321‐336, 1924.
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Extension to imprecise probabilities in A new understanding of subjective probability
and its generalization to lower and upper prevision (Glenn Shafer, Peter R. Gillett,
Richard B. Scherl). International Journal of Approximate Reasoning 31 1–49 (2003).
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