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1. Game-theoretic finance in continuous time

2. Measure-theoretic probability in time

3. Stochastic integration

4. Questions
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Part 1. Game-theoretic finance in continuous time
• Nonstandard analysis
• High-frequency strategies for Skeptic

Part 2. Measure-theoretic probability in time
• Kolmogorov’s conditional expectation
• Doob’s filtrations
• Dubins-Schwarz

Part 3. Stochastic integration
• Lévy’s intuition
• Ito’s accomplishment
• Föllmer’s clarification
• Game-theoretic stochastic integration

Part 4. Questions
• Describing a space of instantaneous events
• Studying the distance to efficiency
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Kei Takeuchi
Born 1933

Akimichi Takemura
Born 1952

Part 1. Game-theoretic finance in continuous time

• Nonstandard analysis

• High-frequency strategies for Investor

A new formulation of asset trading games in continuous time with essential forcing of variation exponent
Kei Takeuchi, Masayuki Kumon, Akimichi Takemura, Tokyo Working Paper #6 at www.probabilityandfinance.com. 

Louis Bachelier
1870-1946

http://arxiv.org/abs/0708.0275
http://arxiv.org/find/q-fin/1/au:+Takeuchi_K/0/1/0/all/0/1
http://arxiv.org/find/q-fin/1/au:+Kumon_M/0/1/0/all/0/1
http://arxiv.org/find/q-fin/1/au:+Takemura_A/0/1/0/all/0/1
http://www.probabilityandfinance.com/
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Part 1.  Game-theoretic continuous time  

Lecture 9:  If Market is efficient 

(i.e., Investor cannot multiply 

the capital he risks by a large 

factor), then changes in S will 

scale as dt: 

dS  dt
where 

dS = St+dt – St.

Recall also that a capital process for Investor is call a martingale.

We assume zero transaction costs and no limits on short selling.  

Investor can also trade in a martingale.  So changes in a martingale 
should also scale as dt.
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Part 1.  Game-theoretic continuous time  

As we just remarked, changes in S and 

in martingales constructed by trading 

in S should scale as dt.

Before modern game theory and 

measure theory, Bachelier argued that 

in the continuous-time limit, S will 

look like Brownian motion.  

Bachelier’s argument was made 

rigorous in measure-theoretic 

probability by Weiner and Lévy.

How can we make it rigorous in 

game-theoretic probability?
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Part 1.  Game-theoretic continuous time  

How can we play this game in 

continuous time?

In Probability and Finance (2001), we 

used nonstandard analysis to answer 

this question.

Divide the continuous time interval 

[0,T] into an infinitely large number N

of steps of equal infinitesimal length 

dt, where dt := T/N.  

This produces a version of Brownian 

motion, but this construction has two 

important shortcomings:

1. Few applied mathematicians are 

trained to work with nonstandard 

analysis.

2. We could not demonstrate many 

properties for the Brownian-like 

motion we constructed.



7

Part 1.  Game-theoretic continuous time  

A new formulation of asset trading games in 
continuous time with essential forcing of variation 
exponent, by Kei Takeuchi, Masayuki Kumon, 
Akimichi Takemura, Bernoulli 2009, 15(4):1243-
1258.  Also Tokyo Working Paper #6 at 
www.probabilityandfinance.com, last revised 2010.

http://arxiv.org/abs/0708.0275
http://arxiv.org/find/q-fin/1/au:+Takeuchi_K/0/1/0/all/0/1
http://arxiv.org/find/q-fin/1/au:+Kumon_M/0/1/0/all/0/1
http://arxiv.org/find/q-fin/1/au:+Takemura_A/0/1/0/all/0/1
http://www.probabilityandfinance.com/
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Part 1.  Game-theoretic continuous time  

What is quadratic variation?

Here  is the path.  The phrase “for almost all” is meant 
game-theoretically; Investor can multiply his capital infinitely 
if the event does not happen.
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Part 1.  Game-theoretic continuous time  

The material on the preceding 

slide was from Vovk’s

Continuous-time trading and the 

emergence of volatility, 

Electronic Communications in 

Probability 13:319–324 (2008).

In Game-theoretic Brownian 

motion (2008), Vovk showed 

that Investor can multiply his 

capital infinitely unless Market 

chooses a path with all the 

properties Brownian motion has 

with probability one in measure-

theoretic probability.

Then, in Continuous-time 

trading and the emergence of 

probability, Finance and 

Stochastics 16 561–609 (2012), 

Vovk proved the game-theoretic 

counterpart of the celebrated 

measure-theoretic Dubins-

Schwarz theorem:  

In the game where Investor plays 

continuously by playing at 

higher and higher frequencies, 

any capital process (martingale) 

for Investor must be Brownian 

motion up to a time change.

http://www.probabilityandfinance.com/articles/25.pdf
http://www.probabilityandfinance.com/articles/26.pdf
http://arxiv.org/abs/0904.4364
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Part 3.  Stochastic integration

The Capital Asset Pricing Model as a corollary of the Black-

Scholes model

Vladimir Vovk (September 2011).

#39 at www.probabilityandfinance.com.

For a long investment horizon in a market with a stock and an 

index, the appreciation rate of the stock has to be close to the 

interest rate plus the covariance between the volatility vectors of 

the stock and the index. (If it is not, the index can be outperformed 

greatly with high probability.) This contains…

1. a version of the Capital Asset Pricing Model (Working 

Papers 1 and 2) and 

2. the result of Working Paper 38 that the equity premium is close 

to the squared volatility of the index.

http://www.probabilityandfinance.com/articles/39.pdf
http://www.probabilityandfinance.com/
http://www.probabilityandfinance.com/articles/index.html#1
http://www.probabilityandfinance.com/articles/index.html#2
http://www.probabilityandfinance.com/articles/index.html#38
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Part 1.  Game-theoretic continuous time  

Working Paper 39:  Vovk’s theory in stochastic context.
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Part 1.  Game-theoretic continuous time  

Working Paper 39
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Part 1.  Game-theoretic continuous time  

Working Paper 39
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Andrei Kolmogorov
1903-1987

Joseph Doob
1910-2004

Part 2.  Measure-theoretic probability in time

• Kolmogorov’s conditional expectation
• Doob’s filtrations
• Dubins-Schwarz

See The origins and legacy of Kolmogorov’s Grundbegriffe, Working Paper #4 at www.probabilityanfinance.com. 

http://www.probabilityandfinance.com/articles/04.pdf
http://www.probabilityanfinance.com/
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Part 2.  Measure-theoretic continuous time
Kolmogorov’s axioms

Now we use  instead of E.
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Part 2.  Measure-theoretic continuous time

Kolmogorov’s definitions

1. Conditional probability.  Hausdorff’s definition

2. Independent events.  Traditional definition

3. Random variable.  Frechet’s definition:  measurable function 

on the sample space 

4. Expected value of a random variable X.  Abstract Lebesgue 

integral of X with respect to P if it exists.

5. Conditional expectation. New idea in 1933

Johann Radon
1887-1956

Henri Lebesgue
1875-1941

Lebesgue defined integration 
for measurable functions in 
Euclidean spaces.

Radon generalized the idea to 
arbitrary measure spaces.
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Part 2.  Measure-theoretic continuous time

Conditional expectation. New idea in 1933

The complication concerning “equivalent versions” is somewhat 
awkward, and the theory is still taught only in advanced courses.
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Part 2.  Measure-theoretic continuous time

How does Kolmogorov’s conditional expectation 
relate to the game-theoretic or probability-tree 
point of view?

Recall that we get a probability tree when we fix 
a strategy for Forecaster and that strategy always 
gives a full probability distribution, not merely 
an upper expectation, for the next step.
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Will Dennis 
remember to 
practice his 
saxophone?

 = {all paths down the tree} = {1,2 ,3 ,4 ,5,6,7,8,9,10}

A random variable is a real-valued function on , such as Dennis’s distance from home.

1 2 3 4 5 6 7 8 9 10

Use example from Lecture 8 to explain conditional expectation.

Part 2.  Measure-theoretic continuous time
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Sigmund lives one block away.
Alex two blocks away.

X = distance from home
E(X)=0.6

Y = 1 if Alex comes over, 0 if not

0 0 1 1 2 2 0 0 0 0

0.6

1.2 0

0 1 2 0 0

Part 2.  Measure-theoretic continuous time

X

1.2 1.2 1.2 1.2 1.2 1.2 0 0 0 0E(X|Y)

X’s expected values in the nonterminal 

situations are shown in blue.  The          mark 

situations where Y is resolved.

1 1 1 1 1 1 0 0 0 0Y

Y=1 Y=0
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Sigmund lives one block away.
Alex two blocks away.

X = distance from home
E(X)=0.6

Y = 1 if Alex comes over, 0 if not

0 0 1 1 2 2 0 0 0 0

0.6

1.2 0

0 1 2 0 0

Part 2.  Measure-theoretic continuous time

X

1.2 1.2 1.2 1.2 1.2 1.2 0 0 0 0E(X|Y)

Check that 

1. E(X|Y) is a function of Y.

2. E(E(X|Y)) = E(X) = 0.6

1 1 1 1 1 1 0 0 0 0Y

Y=1 Y=0
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0 0 1 1 2 2 0 0 0 0

0.6

1.2 0

0 1 2 0 0

Part 2.  Measure-theoretic continuous time

X

1.2 1.2 1.2 1.2 1.2 1.2 0 0 0 0E(X|Y)

The values Y = 1, Y = 0 do not matter.

You get the same result with Y = 500, Y = 38.

E(X|Y) depends only on the partition determined by Y.

1 1 1 1 1 1 0 0 0 0Y

Y=1 Y=0
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Part 2.  Measure-theoretic continuous time

• The values Y = 1, Y = 0 do not matter.  You get the 

same result with Y = 500, Y = 38.

• The conditional expectation E(X|Y) depends only on 

the partition determined by Y.

• So instead of talking about the conditional 

expectation of  given Y, we can talk about the 

conditional expectation of X given a partition of . 

• When Y takes a continuum of values instead of 

discrete values, the concept is the conditional 

expectation of X given a -field. 

• One writes E(X|G), where G is a -field that is a 

subset of the -field F.
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0 0 1 1 2 2 0 0 0 0

0.6

1.2 0

0 1 2 0 0

Part 2.  Measure-theoretic continuous time

X

1.2 1.2 1.2 1.2 1.2 1.2 0 0 0 0E(X|Y)

1 1 1 1 1 1 0 0 0 0Y

In our example, the conditional expectation given Y simply reports the expected values 

in situations where Y is resolved.  But this depends on 

(1) Y having a different value in each situation where it is resolved and 

(2) none of Y’s values having probability zero.

Y=1 Y=0
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Part 2.  Measure-theoretic continuous time

In the next example, the conditioning variable does 

not always have a different value in each situation 

where it is resolved.  So the agreement between 

conditional expectation

and 

expected value in the resolving situation 

is lost.

Kolmogorov’s framework allows conditioning on an 

arbitrary variable (or -field), whereas a strategy for 

Forecaster in our probability games only gives 

conditional expectations for the future.
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Part 2.  Measure-theoretic continuous time

Z = 1 if remember, 0 if forget
E(Z)=0.35

X = distance from home

1 0 1 0 1 0 1 0 1 0Z

0.38 0.38 0.6 0.6 0 0 0.38 0.38 0.38 0.38E(Z|X)

0 0 1 1 2 2 0 0 0 0X

Z’s expected values in the nonterminal 

situations are shown in blue.  The          mark 

situations where X is resolved.

0.35

0.28 0.42

0.2 0.6 0 0.9 0.1
X=0 X=1 X=2

X=0
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Part 2.  Measure-theoretic continuous time

Kolmogorov’s is amazing in its combination of simplicity and 

generality.  It shows that the general theory of probability can 

all be put into a relatively simple framework.

But the apparent generality is somewhat illusory, because 

E(|Y=y) or E(|G)() may not have all the properties of an 

expectation.

Recall the properties of an expectation E(): 
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Part 2.  Measure-theoretic continuous time

E(|Y=y) or E(|G)() may fail to have all these properties.

Recall that if the event Y=y or the outcome  have probability 

zero, we can change E(|Y=y) or E(|G)() however we like 

and still have a “version” of the conditional expectation.

A version that satisfies the axiom is called regular.  As it turns 

out, there are probability spaces (triplets ,P, F satisfying the 

axioms) with variables Y for which there are no regular 

versions of the conditional expectation given Y=y.
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Part 2.  Measure-theoretic continuous time

Nevertheless…

We get regular conditional expectations for the probability 

spaces that we find interesting, and the indeterminacy of 

conditional expectation on any particular set of measure 

zero can be shrugged off.  

(By an appeal to Cournot’s principle, perhaps!!)

Moreover…

Doob reintroduced time into the framework by adding to 

the probability space triplet (,P, F) an increasing 

sequence of -algebras representing the progress of time.  

He called this sequence a filtration.
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Part 2.  Measure-theoretic continuous time

Filtration for
discrete
time.



F1

F0

F2

F3
31

Part 2.  Measure-theoretic continuous time

Example of filtration in discrete time.
• Intuitively, Fn represents your knowledge at time n.  You know 

which of the situations in Fn you are in.

• Formally, Fn is the set of all events with the property that all or 

none of the paths through any one of the situations is in it.
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Part 2.  Measure-theoretic continuous time

A filtration in continuous time is a 

collection of -algebras – one  for 

each time t, where t ranges over 

an interval of real numbers,

• perhaps [0,T], 

• perhaps [0,), 

• perhaps (- ,).
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Martingales in measure-theoretic probability

Measure-theoretic probability has no explicit 

game.  But you call a sequence of random 

variables a martingale if

E(X
n+1

| X
n
) = X

n
.

Or, equivalently,

E(X
n+1 

- X
n

| X
n
) = 0.

At the beginning of each round, Investor’s 

gain has expected value zero.

In continuous time:  E(X
t+dt

- X
t
| X

t
) = 0.

Part 2.  Measure-theoretic continuous time
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The Dubins-Schwarz 

Theorem:

A continuous martingale is 

Brownian motion up to a time 

change.

Read the famous paper:

Or just Google Dubins-Schwarz Theorem

Lester Dubins
1920-2010

Part 2.  Measure-theoretic continuous time

https://www.google.de/webhp?sourceid=chrome-instant&ion=1&espv=2&ie=UTF-8#q=dubins%20schwarz%20theorem
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Hans Föllmer
Born 1941

Kiyosi Ito
1915-2008

Part 3.  Stochastic integration
• Lévy’s intuition
• Ito’s accomplishment
• Föllmer’s clarification
• Game-theoretic stochastic integration

Paul Lévy
1886-1971



Paul Lévy emphasized sample paths.
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Joe Doob with Jimmy Carter

Part 3.  Stochastic integration



Kiyosi Itô’s ambition to make Lévy rigorous

In 1987, Itô wrote:

…In P. Lévy’s book Théorie de l’addition des 
variables aléatoires (1937) I saw a beautiful 
structure of sample paths of stochastic processes 
deserving the name of mathematical theory…

…Fortunately I noticed that all ambiguous points 
could be clarified by means of J. L. Doob’s idea of 
regular versions presented in his paper “Stochastic 
processes depending on a continuous parameter” 
[Trans. Amer. Math. Soc. 42, 1938]….
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Part 3.  Stochastic integration



Itô:  Describe the probabilistic
dynamics of paths
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Part 3.  Stochastic integration



Itô’s early accomplishments

39

Part 3.  Stochastic integration
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Part 3.  Stochastic integration

Probability-free Ito integration of continuous functions

Vladimir Vovk (March 2016).  

#42 at www.probabilityandfinance.com.

• Simple construction of the pathwise Ito integral for a 

continuous integrand whose variation index is finite 

and a continuous price path as integrator. 

• Ito's lemma shows that this definition agrees with 

Foellmer's. 

• Existence of the Ito integral for a cadlag integrand with 

a finite variation index and a cadlag integrator.

http://www.probabilityandfinance.com/articles/42.pdf
http://www.probabilityandfinance.com/
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Part 3.  Stochastic integration

Some recent work building on Vovk’s

Paris and Berlin

Zurich

Warsaw

Columbia, NYC

Bonn
Vienna
Berlin
Bath
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Part 4.  Questions

• Describing a space of instantaneous events

• Studying the distance to efficiency


